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Abstract 

This paper is devoted to the study of traveling waves for monotone evo- 
lution systems of bistable type. Under an abstract setting, we establish the 



\jQ . existence of bistable traveling waves for discrete and continuous-time mono- 

I tone semiflows. This result is then extended to the cases of periodic habitat 

' and weak compactness, respectively. We also apply the developed theory to 



four classes of evolution systems. 
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1 Introduction 

In this paper, we study traveling waves for monotone (i.e., order-preserving) semi- 
flows {Qt}t&T with the bistability structure on some subsets of the space C := 
OTijX) consisting of all continuous functions from the habitat 'H{= M or Z) to 
the Banach lattice X, where T = Z+ or R"*" is the set of evolution times. Here 
the bistability structure is generalized from a number of studies for various evo- 
lution equations. It means that the restricted semiflow on X admits two ordered 
stable equilibria, between which all others are unstable. We focus on the existence 
of traveling waves connecting these two stable equilibria, which are called bistable 
traveling waves. This setting allows us to study not only autonomous and time- 
periodic evolution systems in a homogeneous habitat (media), but also those in a 
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periodic habitat. Besides, the obtained results can be extended to the semiflows 
with weak compactness on some subsets of the space A4 consisting of all monotone 
functions from M to A'. 

To explain the concept of the bistability structure, we recall some related works 
on typical evolution equations. Fife and McLeod [191 120] proved the existence and 
global asymptotic stability of monotone traveling waves for the following reaction- 
diffusion equation: 



where a G (0, 1). Clearly, the restriction of system fll.ip on = R is the ordinary 
differential equation u' = u{l — u){u — a), which admits a unique unstable equi- 
librium between two ordered and stable ones. The same property is shared by the 
nonlocal dispersal equation in [U [161 SS] and the lattice equations in [3l HH 150] . 
Chen [13] studied a general nonlocal evolution equation Ut = A{u{-,t)), which also 
possess the above bistability structure. Some related investigations on discrete-time 
equations can be found in [271 US]. For the time-periodic react ion- diffusion equation 
Ut = Uxx + fit,u), the spatially homogeneous equation is a time-periodic ordinary 
differential equation. In this case, the equilibrium in the bistability structure should 
be understood as the time-periodic solution. Under such bistability assumption, 
Alikakos, Bates and Chen [T] obtained the existence of bistable time-periodic trav- 
eling waves. Recently, Yagisita [IS] studied bistable traveling waves for discrete and 
continuous-time semiflows on the space consisting of all left-continuous and non- 
decreasing functions from M to A" = M under the assumption that there is exactly 
one intermediate unstable equilibrium. It should be mentioned that the result in [16] 
for continuous-time semiflows requires an additional assumption on the existence of 
a pair of upper and lower solutions. 

Note that the restrictions on A" = M of the afore-mentioned systems are all scalar 
equations, and hence, there is only one unstable equilibrium in between two stable 
ones. But in the case where A* = M", there may be multiple unstable equilibria. 
This is one of the main reasons why some ideas and techniques developed for scalar 
equations can not be easily extended to higher dimensional systems. Volpert [H] 
established the existence and stability of traveling waves for the bistable reaction- 
diffusion system ut = DAu + f{u) by using topological methods, where D is a 
positive definite diagonal matrix. Fang and Zhao [18] further extended these results 
to the case where D is semi-positive definite via the vanishing viscosity approach. 

Consider the following parabolic equation in a cylindrical domain S = R x il: 



where / is of the same type as the nonlinearity in (11.11) and is a bounded domain 
with smooth boundary in R*^"^. Obviously, the restriction of the solution semiflow 



Ut = Uxx + ^(1 — u){u — a), a; G R, t > 0, 



(1.1) 




(1.2) 
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of fll.2p on X = C(f2,R) gives rise to the following x-independent system: 



ut = AyU + f{u), yen,t>0, 

g = ondQx (0,+cx)). ^ ■ ^ 

One can see from Matano [5U] (or Casten and Holland [12]) that any nonconstant 
steady state of (11. 3p is linearly unstable when the domain Q is convex. It follows that 
if Q is convex, then (II. 2p admits the bistability structure: its x-independent system 
has two (constant) linearly stable steady states, between which all others are linearly 
unstable. In such a case, Berestycki and Nirenberg [TT] obtained the existence 
and uniqueness of bistable traveling waves. In the case where Q is an appropriate 
dumbbell-shaped domain, Matano [30] constructed a counterexample to show that 
(II. 3p has stable non-constant steady states, and Berestycki and Hamel |6] also proved 
the nonexistence of traveling waves connecting two stable constant steady states. 
For bistable traveling waves in time-delayed reaction-diffusion equations, we refer 
to [211 E51 EHl ES]- For such an equation with time delay r > 0, one can choose 
X = C([— r, 0],]R) so that its solution semiflow has the bistability structure. 

Recently, there is an increasing interest in reaction diffusion equations in periodic 
habitats. A typical example is 

ut = (du,), + fiu), xER,t>0, (1.4) 

where d G C^(M, M) is a positive periodic function with period r > 0. Define 
3; := C([0,r],M) and Cper(M,K) := {/ e C(M,M) : f{x + r) = /(x),Vx G M}. It is 
easy to see that 

CiR,R) = {fe C{rZ,y) : f{m){r) = f{r{i + l))(0),Vz G Z} := /C, 

and that any element in Cper(IR;IR) is a constant function in /C. Thus, the solu- 
tion semiflow of (II. 4p on C(M, M) can be regarded as a conjugate semiflow on /C, 
and hence, the bistability structure should be understood as: the restriction of the 
solution semiflow of (ll.4p on CperiR, M) has two ordered r-periodic steady states, 
between which all others are unstable. Assuming that the function / is of bistable 
type, Xin [12] obtained the existence of spatially periodic (pulsating) traveling wave 
as long as d is sufficiently close to a positive constant in a certain sense (see also 
[m m]). However, whether the solution semiflow of (II. 4p admits the bistability 
structure remains an open problem. We will give an affirmative answer in section 
6.3 and further improve Xin's existence result. Meanwhile, a counterexample will be 
constructed to show that the solution semiflow of (ll.4p has no bistability structure 
in the general case of varying d{x). More recently, Chen, Guo and Wu [2] proved 
the existence, uniqueness and stability of spatially periodic traveling waves for one- 
dimensional lattice equations in a periodic habitat under the bistability assumption. 
There are also other types of bistable waves (see, e.g., [71 133]). For monostable sys- 
tems in periodic habitats, we refer to [51 |H1 [TOl 1221 [231 12S] and references therein. 
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In general, there are multiple intermediate unstable equilibria in between two 
stable ones in the case where the space X is high dimensional. Meanwhile, it is 
possible for the given system to have intermediate unstable time-periodic orbits in 
X. These give more difficulties to the study of bistable semifiows than monostable 
ones, whose restricted systems on X have only one unstable and one stable equilib- 
ria. To overcome these difficulties, we will show that all these unstable equilibria 
and all points in these periodic orbits are unordered in X under some appropriate 
assumptions. With this in mind, a bistable system can be regarded as the union of 
two monostable systems although such a union is not unique. From this point of 
view, we establish a link between monostable subsystems and the bistable system 
itself, which plays a vital role in the propagation of bistable traveling waves. This 
link is stated in terms of spreading speeds of monostable subsystems (see assump- 
tion (A6)). For spreading speeds of various monostable evolution systems, we refer 
to [I El lil [251 1211 IMl Ell ESI is] and references therein. 

In our investigation, we consider seven cases: (I) T = Z+ and = M.; (II) 
r = Z+ andn = Z; (III) T = M+ and H = M; (IV) T = M+ and H = Z; 
(V) periodic habitat; (VI) weak compactness; (VII) time periodic. For the case 
(I), we combine the above observations for general bistable semifiows and Yagisita's 
perturbation idea in [16] to prove the existence of traveling waves. For the case (III), 
we use the bistable traveling waves (f)±{x+c±^s) of discrete-time semifiows {{Qs)"'}n>o 
to approximate the bistable wave of the continuous-time semifiow {Qt}t>o- This 
new approach heavily relies on an estimation of the boundedness of -c± ^ as s — )■ 0, 
which is proved by the bistability structure of the semifiow (see inequalities fl3.9p 
and f l3.10p ). It turns out that our result does not require the additional assumption 
on the existence of a pair of upper and lower solutions as in [16]. In the case (II), 
both the evolution time T and the habitat H are discrete, a traveling wave tpli + cn) 
of {Q"}n>o cannot be well-defined in the usual way because the wave speed c and 
hence, the domain of ijj is unknown. So we define it to be a traveling wave of an 
associated map Q. However, Q has much weaker compactness than Q. To overcome 
this difficulty, we establish a variant of Helly's theorem for monotone functions from 
R to A" in the Appendix, which is also of its own interest. This discovery also enables 
us to study monotone semifiows in a periodic habitat and with weak compactness, 
respectively. Further, we can deal with the case (IV) by the similar idea as in the 
case (III) because now traveling waves in the case (II) are defined on M. Traveling 
waves for a time-periodic system can be obtained with the help of the discrete-time 
semifiow generated by the associated Poincare map. Motivated by the discussions in 
[261 Section 5], we can regard a semifiow in a periodic habitat as a conjugate semifiow 
in a homogeneous discrete habitat, and hence, we can employ the arguments for the 
cases (II) and (IV) to establish the existence of spatially periodic bistable traveling 
waves. 

The rest of this paper is organized as follows. In section 2, we present our 
main assumptions. Section 3 is focused on discrete-time, continuous-time, and time- 
periodic compact semifiows on some subsets of C. In section 4, we extend our results 
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to compact semiflows in a periodic habitat. In section 5, we further investigate 
semiflows with weak compactness. In section 6, we apply the abstract results to four 
classes of evolution systems: a time-periodic reaction-diffusion system, a parabolic 
system in a cylinder, a parabolic equation with periodic diffusion, and a time-delayed 
reaction-diffusion equation. A short appendix section completes the paper. 

2 Notations and assumptions 

Throughout this paper, we assume that X is an ordered Banach space with the 
norm || ■ \\x and the cone Further, we assume that X is also a vector lattice 
with the following monotonicity condition: 



where \z\x := sup{2;, —z}. Such a Banach space is called a Banach lattice. We 
use C [M, W^) to denote the set of all continuous functions from the compact metric 
space M to the d-dimensional Euclidean space M'^. We equip C(M, M'^) with the 
maximum norm and the standard cone consisting of all nonnegative functions. Then 
C(M, M'^) is a special Banach lattice, which will be used in this paper. For more 
general information about Banach lattices, we refer to the book [32] . 
Let the spatial habitat "H be the real line M or the lattice 



for some positive number r. For simplicity, we let r = 1. We say a function 
(p : H ^ X is bounded if the set {||0(x)||;t' : x G Ti} C X is bounded. Throughout 
this paper, we always use B to denote the set of all bounded functions from M to 
X, and C to denote the set of all bounded and continuous functions from % to X . 
Moreover, any element in X can be regarded as a constant function in B and C. 
In this paper, we equip C with the compact open topology, that is, a sequence 
converges to in C if and only if </)„(a;) converges to </)(x) in X uniformly for x 
in any bounded subset of "H. The following norm on C can induce such topology: 



Clearly, if = Z, then 0„ — >■ with respect to the compact open topology if and 
only if (l)n{x) — )■ for every a; G Z. 

We assume that Int{X^) is not empty. For any u^v G X^ we write u > v 
provided m — f G X^ , u > v provided u > v but -u 7^ t>, and u ^ v provided 
M — f G Int{X^). A set E d X is said to be totally unordered if any two elements 
(if exist) are unordered. For any (f),ip & C, we write (f) > ip provided 4>{x) > ip{x) 
for all x G "H, > '0 provided (j) > ip but 7^ "0, and 0^-0 provided 0(x) ^ ■0(x) 
for all X & %. For any 7 G A" with 7 > 0, we define A"^ := {m G A" : 7 > m > 0}, 



Ax < \y\x =^ \\x\\x < \\y\\x, 



rZ := {■ ■ -, — 2r, — r, 0, r, 2r, ■ ■ ■} 




(2.1) 



fe=i 
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:= {0 G C : 7 > > 0} and := {0 G S : 7 > > 0}. For any 0, ^ G C, we 
write the interval [0, V'jc to denote the set {w G C : < w < -0}, [[0, '0]]c to denote 
the set {tf G C : -C ti? ^ and similarly, we can write the intervals [0, ip]]c and 
[[0, V'lc- And for any u < f in A", we can write the intervals [UjfjA', [[^jfjA- 
and [m, fjlA:" in a similar way. 

Let P G Int{X~^) and Q be a map from to Let E be the set of all fixed 
points of Q restricted on Afg. 

Definition 2.1. For the map Q : ^Yg, a fixed point a E E is said to he strongly 

stable from below if there exist a number 6 > and a unit vector e G Int{X^) such 
that 

Q[a — rjc] ^ a — Tjc for any rj G (0, 6]. (2.2) 

Strong instability from below is defined by reversing the inequality (12.21) . Similarly, 
we can define strong stability (instability) from above. 

Given y E Ti, define the translation operator Ty on B by Ty[(f)]{x) = 0(x — y). 
Assume that and /3 are in E. We impose the following hypothesis on Q: 

(Al) {Translation Invariance) Ty o Q[(j)\ = Q o Ty[(f)],^(f) E Ci3,y E Ti. 

(A2) (Continuity) Q : C/3 — > C/3 is continuous with respect to the compact open 
topology. 

(A3) (Monotonicity) Q is order preserving in the sense that Q[4>] > whenever 
> '0 in C/3. 

(A4) (Compactness) Q : — )■ C/3 is compact with respect to the compact open 
topology. 

(A5) (Bistability) Two fixed points and (3 are strongly stable from above and 
below, respectively, for the map Q : Xj^ ^ Xp, and the set E \ {0, /?} is totally 
unordered. 

Note that the above bistability assumption is imposed on the spatially homo- 
geneous map Q : Xji ^ Xp. We allow the existence of other fixed points on the 
boundary of ^Yg so that the theory is applicable to two species competitive evolution 
systems. The non-ordering property of \ {0, /3} can be obtained by the strong in- 
stability of all fixed points in this set if the semifiow is eventually strongly monotone. 
More precisely, a sufficient condition for hypothesis (A5) to hold is: 

(A5') (Bistability) Q : Xp ^ Xp is eventually strongly monotone in the sense that 
there exists mi E Z+ such that ^ <5'"[^^] for all m > mi whenever 

u > V in Xp. Further, for the map Q : Xp Xp, two fixed points and /3 are 
strongly stable from above and below, respectively, and each a E E \ {0, /?} 
(if exists) is strongly unstable from both below and above. 
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Figure 1: (Left) The set E satisfying (A5). (Right) The set E satisfying (A5'). 

The following figures illustrate the bistability structures in (A5) and (A5'). Next 
we show that the assumption (A5') implies (A5). In applications, however, one may 
find other weaker sufficient conditions than (A5') for (A5) to hold. 

Proposition 2.1. // (A5 ' ) holds, then for any ai, 0:2 G -E'\ {0, [5}, we have cti ^ a2 
and a^i^ 0L\- 

Proof. Without loss of generality, we only show ol\ ^ a2. Assume, for the sake of 
contradiction, that a\ < a2. Then ai — Q'^'^[ai] <S Q"*4<^2] = <^2- Since ai is 
strongly unstable from above, there exists > and e^^ G Int{X~^) such that 
Uo := «! + SaiGa-^ G «2]]a' and Q[uo] ^ uq. Define the recursion Un+i = 
Q[un],n > 0. Then Un is convergent to some a & X with ai <C a < q;2 due to 
hypothesis (A4). By the eventual strong monotonicity of Q, we see that 

Since a is strongly unstable from below, we can find 5a > and G IntX'^ such 
that Q[a — Sca] ^ a — Sea,^S G (0, Sa]- Choose ni > mi such that Um > a — Sa^-a- 
Define 77 := sup{5 G (0, 5a\ < a — Sca}- Thus, li^j a — r)Sa- On the other 
hand, we have 

a contradiction. □ 

Due to assumption (A5), a bistable system {Q"'}n>o can be regarded as the union 
of two monostable systems. More precisely, assuming that a E E \ {0, f3}, we have 
two monostable sub-systems: {(5"}n>o restricted on [0, ajc and [q;,/3]c, respectively. 
With this in mind, next we construct an initial function 0~ so that we can define 
the leftward asymptotic speed of propagation of and hence, present our last 
assumption. 

Note that in (A5) we do not require a 3> or a <^ /3. But (A5) is sufficient to 
guarantee that a and (3 can be separated by two neighborhoods in [Q;,/3];f, and a 
similar claim is valid for and a (see Lemma 3.1). In view of assumption (A5), we 
can find a positive number 5^ > and a unit vector G Int{X'^) such that 

Q[/3-vep]:^f3-vep, Vr?G(0,<5^]. (2.3) 
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Define 

e- := sup {e e [0, l]:ea + {l- 6)13 5^ep, ■ 

Let 

v- = e-a + {l-0~)p. (2.4) 
Choose a nondecreasing initial function 0^ G witli tlie property tliat 

(t)~{x) = a, Va; < -1, and 0^(3^) = "^^a^ > 0. (2.5) 

It tlien follows from assumptions (A1)-(A2) and (A5) that 

lim Q[C](a;) = g[0;(+oo)](O) = Q[v-] > Q[f3 - 5pep\ » /3 - 5pep, 



and hence, there exits a > such that 

Q[0^](x) > /3 - 5/36^, Vx > a - 1. 
Define a sequence a^^o- of points in X as follows: 

an,a = Q''[<P~]{(^n), n>l. 

Then we have 

a2,. = g'[0;](2a) = Qmi]{- + a)](a) > g[0;](a) = a,,.. 

By induction, we see that an,a is nondecreasing in n. Thus, assumption (A4) implies 
that an,a tends to a fixed point e with e > ai^o- ^ /3 — 5/36/3. Therefore, e = (3. 
By the above observation, we have 

13 > lim Q"[C](a^) > lim = 1™ a„,. = /3, 

and hence, 

(-CX), -a] C A(0-) := |c G M : lim Q"[0;](x) = /3 
Define 

c*_(«,/3):=supA(0-). (2.6) 

Clearly, c1(q;,/3) G [— a, +oo] and (— oo, cl(a, /?)) C A(0~). We further claim that 
cl(a;,/3) is independent of the choice of 0~ as long as 0~ has the property (12. 5p . 
Indeed, for any given with the property (12. 5p . we have 

(p'ix-l) <^{x) <(p-{x + l), Wxen. 

It then follows that for any c G A(0~) and e > 0, 

/3 = hm g"[0;](x)= lim Q"[0;](x-1) 

n—^oo, x>—cn n— >-cxD,a;> — (c— e)n 

< lim g"[0](x)< lim g"[0-](x + l) 

71— >oo,z> — (c— e)n n— >oo,x> — (c— e)n 

= hm Q«[0^](x)=/3, 

n— >oo,x>— cn 



which imphes that c — e G A(0) and hence, sup A(0~) = sup A(0). For convenience, 
we may call c*_{a, (3) as the leftward asymptotic speed of propagation of 0~. 
Following the above procedure, we can find 60 > 0, cq G Int{X^) such that 

QM <r7eo,Vr/G (0,5o]. (2.7) 

Here we emphasis that 60, cq above and 5/3,6/3 will play a vital role in the whole 
paper because they describe the local stability of fixed points and (3. Similarly, we 
can define := sup{6' G [0, 1] : 6'q; G [0,5oeo]A'} and := 9~^a. Let 0+ G C/3 be a 
nondecreasing initial function with the property that 

= a,Vx > 1, and = fQ,Vx < 0. 

Due to the same reason, we can define the number 



cl(0,a) := sup <^ c G M : lim g"[0+](x) = ^ , (2.8) 

I n—^ca,x<cn J 

which is called the rightward asymptotic speed of propagation of 0^. As showed 
above, these two speeds are bounded below, but may be plus infinity. To better 
understand these two spreading speeds, we use Figure [2](Left) to explain them. 

p p 

y- y- 

c'(a,p) < / \ > c^(a,p) 

. a . a 

-1 0/1 -l\ 1 

— y — >■ ci(0.a) c'JO.a) < — V— 

y \ 





Figure 2: (Left) c!l(a,/3) and c;(0,a). (Right) c;(a,^) and c*_{0,a). 

Now we are ready to state our last assumption on Q: 
(A6) (Counter-propagation) For each a G -E \ {0, /?}, c*_{a, (3) + c^(0, a) > 0. 

Assumption (A6) assures that two initial functions in the left hand side of Figure 
[2] will eventually propagate oppositely although one of these two speeds may be 
negative. It is interesting to note that assumption (A6) is nearly necessary for the 
propagation of a bistable traveling wave. Indeed, if a monotone evolution system 
admits a bistable traveling wave, then it is usually unique (up to translation) and 
globally attractive (see, e.g.. Remark 16. 2p . This implies that the solution starting 
from the initial data |(0q + 0^) converges to a phase shift of the bistable wave. 
If c1(q;,/3) + c*^{0,a) < 0, then the comparison principle would force the solutions 
starting from 0^ to split the bistable wave. 

Comparing with the definition of spreading speeds (short for asymptotic speeds 
of spread/propagation) for monostable semiflows (see, e.g., [21 ES]), one can find 
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that the leftward spreading speed of the monostable subsystem {Q"}„>o restricted 
on [a, P]c is shared by a large class of initial functions, and in many applications, it 
equals c*_{a, A similar observation holds for c^{0, a). Thus, for a specific bistable 
system, the assumption (A6) can be verified by using the properties of spreading 
speeds for monostable subsystems. 

Remark 2.1. If we consider the non-increasing traveling waves, then we can simi- 
larly define the numbers c\{a, (5) andc*_{Q,a) (See Figure\^Right)). As such, (A6) 
should he stated as c*j^{a, (3) + cl(0, a) > 0. 

3 Semiflows in a homogeneous habitat 

We say a habitat is homogeneous for the semifiow {Qt}teT oia a metric space £ C C 
if 

Qt[(l)]{x-y) = Qt[(j){--y)]{x), \/(f) e S,x,y e n,t e T. 

In this section, we will establish the existence of bistable traveling waves for the 
semifiow {Qt}teT ^ the following order: discrete-time semiflows in a continu- 
ous habitat, discrete-time semiflows in a discrete habitat, time-periodic semiflows, 
continuous-time semiflows in a continuous habitat, and continuous-time semiflows 
in a discrete habitat. 

3.1 Discrete-time semfilows in a continuous habitat 

In this case, time T is discrete and habitat "H is continuous: T = Z+ and "H = R. 
For convenience, we use Q to denote Qi, and consider the semifiow {Q"}n>o, where 
Q" is the n-th iteration of Q. 

Definition 3.1. ^/'(x + en) with ip & C is said to he a traveling wave with speed 
c E M. of the discrete semifiow {Q"'}n>o if Q^H'jix) = i^i^ + cn),\/x G M, > 0. 
We say that ip connects to (3 if ifj^—oo) := XyuIx^-oqiIj^x) = and 'ip{-\-oo) : = 
hm^^+^tp{x) = (3. 

We first show that and f3 are two isolated fixed points of Q in if (A5) holds. 

Lemma 3.1. Let So,eo and 6(3,6(3 he chosen such that (12. 7p and (12.31) hold, respec- 
tively. Then E fl Xs^eo = {0} and E n[l3 — S^e^, /3]x = {f3}. 

Proof. Assume, for the sake of contradiction, that ^ a E E (1 ^Soeo- Define the 
number 6 G (0, 60] by 

6 := inf{5 G (0, 60] : a e [0, Seo]x}- 

Then it follows that a < 6eo but a ^ [0, 5eo]]A'- However, by the monotonicity of Q 
and the fact that is strongly stable, we have 

a = Q[a] < Q[6eo] < Scq. 
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This contradicts a ^ [0, ^eo]]^'- And hence, E fl Xs^eo — {0}. Similarly, we have 
En[l3-S^e^,/3U^{/3}. □ 

Choose 5 > such that 

5 < min{5o, 5/3} and 5eo -C /3 — ^6/3. (3.1) 

Assume that ip and ■0 are two nondecreasing functions in C(]R, X^) with the prop- 
erties that 

^ and ^^-1 

— Ip — ()ey3, x>l Ip, X > 0. 

Clearly ijj < ip. And we have the following observation. 

Lemma 3.2. Assume that Q satisfies (A1)-(A3) and (A5). Then there exists a 
positive rational number c such that for any c> c, we have 

Q[ijj]{x) > ip{x — c) and < + c) for any x & M.. 

Proof. Assume that x„ +00 be an increasing sequence in R. Then the sequence 
ipn '■— + ^n) converges to ^ — Se^ in C/3 since ip{x) — (3 — 5e^, Vx > 1. It then 
foUowslrom (Al)-(A2) and (A5) that ~ 

Q[^](+oo) = lim Qmxn) = lim Q[i/j{- + x^W) = Q[f3 - Se^] 13 - Se^. 

Therefore, there exists a positive yo E M. such that Q[ip]{yo) '> P — 5ep. Note that 
Q[il)\{x) is nondecreasing in x. Then for any c > yo we have 

QW^) > QitKvo) >P-Se^> ±{x - c), Vx > yo 

and 

QW\{x) > = 1(0) > ±{x - yo) > ±{x - c), Vx < 2/0, 
which means Q[ip]{x) > ■ip{x — c),\/c > yo. Similarly, we have 

Q[ip]{-oo) = lim Q[tP]{-Xn) = lim Q['0(- - a;„)](0) = Q[5eo] < Sso = ip{-oo), 

and hence, there exists > such that Q[iIj]{x) < tp^x + c),Vc > Zq. Choosing 
c — max{|/o, Zq}., we complete the proof. □ 

Let '■= Clearly, /t„,Vn > 1, is a rational number. For any ^ G M, define 
the map A^ : B ^ B hj A^[(f)]{x) = 0(^a;),Vx e M. Define V^^,^„ G Cp by 

i^J^x) — ip{x — {n + c)) and 'ipn{x) — ip {x + {n + c)) . 

Lemma 3.3. Assume that Q satisfies (A1)-(A5). Then for each n e N, Gn :— 
Q o A,^^ has a fixed point 0„ in such that 0„ is nondecreasing and ip < (t>n ^ '4^n- 
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Proof. We first show that ip^ < Gn[^^- Indeed, when x < n we have 

±^{x + c) < ±^{n + c) = 3^(0) = < A^^[±Jx)- 
when a; > n we have 

^Kn[^J(a;) = ±^{.l^nX) = ±^{x + -x) > ^Jx + c), 

and hence, ip^lx + c) < Ai^^[iIj^]{x) for all a; G M. Consequently, by the monotonicity 
of Q and ■iIj{x) < Q[i/j]{x + c)(see Lemma [3?2l) we obtain 

tjx) < QllJx + c)<Qo A^^ilJx) = G4lJix). 
Similarly, we have ipn > Gnl^pn]- It then follows that 

t„<G^,[^J<G^[^n]<^n, VfceN. (3.2) 

For any A; > 1, we have 

Gt[tJ = GnoG'^-'[lJeG4C,]. (3.3) 

Since G„ is order preserving and ^ (x) is nondecreasing in x, we know that [ip ] (x) 
is nondecreasing both in k and x. Recall that G„ is compact due to assumption (A4). 
It then follows that converges in Cj^. Denote the limit by 0„. By inequality 

(13. 2p . we also get < 4>n ^ 'ipn- Moreover, 0„(x) is also nondecreasing due to 
Proposition 17. 1( 2) . And obviously, 

0„ = hm G^^[V^J = G„[lim ]] = GM- 

This completes the proof. □ 

The following lemma reveals a relation between the wave speeds of monostable 
traveling waves in the sub-monostable systems and the numbers defined in (12. 6p and 

Lemma 3.4. Let c*_{a,(3) and c^{0,a) be defined as in (12. 6p and (12. 8p . Assume 
that Q satisfies (A3). Then the following statements are valid: 

(1) If ip{x + ct) is a monotone traveling wave connecting a to P of the discrete 
semiflow {Q"'}n>i, then the speed c > c*_{a,f3). 

(2) If ip{x + ct) is a monotone traveling wave connecting to a of the discrete 
semiflow {Q"'}n>i, then the speed c < — c^(0,a). 
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Proof. We only prove the statement (1) since the proof for (2) is similar. In view 
of Lemma Em we see that a and (3 can be separated by balls Af{a, 7) and M{f3, 7) 
with radius 7 < S13/2 in the metric space Then a < u,Wu E M{f3,'y). We 

write u G ^f{(3, 7) as the form u = (3 + v. Recall the definition of f ~ in (12 ■4p . it then 
follows that 

V- = 9-a + (1 - 9-)f3 <9-{f3 + v) + {l- 9-)f3 = (3 + r^, 
which implies that 

v~ <w, e Af{f3,9~-f). 

Since ip{~oo) = a and ip{+oo) = (3, there must exist a nondecreasing initial function 
(f)~ with property (12. 5p such that < tp. Assume, for the sake of contradiction, 
that c < c*_{a, (3). Choose a rational number ^ G (c, c*_{a, with p,q E Z. It then 
follows from (I2.6p that 

13 = Urn QP^[(j)-]{-^ X pn) < lim QP^[i/j]{-qn) 

n—^OD p n~^oo 

= lim ■ip{—qn + cpn) = ■?/'(— 00) = 0, 

n— )-cxD 

a contradiction. Thus, we have c > c*_{a,f3). □ 

Now we are ready to prove the main result of this subsection. 

Theorem 3.1. Assume that Q satisfies (A1)-(A6). Then there exists c G M such 
that the discrete semiflow {Q"}n>i admits a non- decreasing traveling wave with speed 
c and connecting to (3 . 

Proof. We spend three steps to complete the proof. Firstly, we construct (f>+,(f>- G 
c+ < c_ G M such that 

= + c+) and Q[0_](a;) = 0_(a; + c_) 

with 

0_(O) G (0, 6eoU and 0+(O) G [/3 - 5e^, /3)p,. 

Indeed, let 0„ be obtained in Lemma 13. 31 Since <^ 1) = ^^o = 

(3 — 5ej3 <^ (3 and ip^< (pn ^ i'n, we have 

^^J{-l) = -{n + c)) > </.„(-l -{n + c)) 

and 

^(1) = ±^{1 + in + c)) < + {n + c)). 
Now we define an,bn E M. as follows: 

an := sup{0„(x) G [0,Seo]x}, 6„ := inf G [/3 - ^e/?,/^]^'}. 
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It then follows that 

-1 - {n + c) < an < bn < I + {n + c) 

and 

0„(a„) <Seo<(3- 66/3 < 0„(6„). 
Define 4>-,n{x) := 4>n{x + an) and := (f)n{x + bn). Then 

0-,n = 4>n{- + an) = [0„] (■ + a„) = (5[0„(k„.-)] (■ + C^n) = <5 (^^n (■ + An) )] ^ Q^/j]. 

Similarly, = (5[0„(fi;„(- + &„))] G Qp/?]. Thus, there exists a subindex (still 
denoted by n), two nondecreasing functions 4>-,(p+ G C^j and ^-,^+ G [—1,1] with 
< ^+ such that 

lim — = lim — = lim </)_^„ = and lim = 

n— >oo 12 n—>oo fl n—^oo ' n— >oo ' 

Obviously, 0-(O) = limn^oo 4>n{o,n) and 0+(O) = limn_j.oo 0n(&n)- By the definitions 
of a„ and 6„, we immediately have 4>-{0) 7^ and 0+(O) 7^ /3, and hence < 
0-(O) < ^/'(-l) = 5eo and /3 - = ^^(1) < 0+(O) < /3. Define c_ := -c^_ and 
c+ := — c.^+. Obviously, c_ > c+ because C,^ < Now we want to only prove 
Q[(f)^]{x) = + c_) because the proof of the other one is similar. Note that the 
following limit is uniform for x in any bounded subset M C M 

lim Kn{x + an) — an = lim ( x + c ■ — — — - ] = x — C-. 

n— >oo n— >oo \ Tl J 

It then follows that for any G M, we have 

(f)-{x + c_) 

= lim (f)-^n{x + c_) = lim 0„(a; + c_ + a„) = lim G'„[0„](x + c_ + a„) 

= lim Q[(pn{f^n-)]{x + c_ + a„) = lim Q[0„(k„(- + a„))](x + c_) 

= lim Q[0_,„(k„(- + a„) - a„)](x + c_) = (3.4) 

n— >oo 

where the last equality is obtained from Proposition 17.2( 2) and the continuity of Q. 

Secondly, we prove that (p±{x) obtained in the first step have the following prop- 
erties: 

(i) 0_(— 00) = and 0+(+oo) = /3; 

(ii) 0_(+oo) and 0_|_(— 00) are ordered. 

Indeed, let x„ — )■ +00 be an increasing sequence in M. Note that 0_(x„) = Q[0-(- — 
c_ + Xn)]iO) G Q[Cj3]{0), which is precompact in A"^. It then follows that there exists 
a subindex {n;} and v E Xj^ such that lim;_j.oo 0- (a^n; ) = v, which, together with 
the fact that 0_ is nondecreasing and proposition 17.2( 1). implies that 0_(+oo) : = 



14 



lim^^^oo = V. Besides, from f l3.4p we see that 0+(+oo) G A:}? is a fixed point of 

Q. Similar results hold for oo) and 0+(±oo). Recall that oo) < 0_(O) < 
6eQ and 0+(+oo) > 0+(O) > /3 — 5e/3, which, together with the choice of 6, implies 
that (/)_(— cxd) = and 0+(+cxd) = (3. Further, since any two real numbers are 
ordered, we see that there exist sequences 

{^}n>0 ^ {^lm}m>l ^ {n2m}m>2 D " " " D {^fcm}m>l " " 

such that for each k > 1, 

k + a„,^ <-k + 6„,^, Vm > 1 or k + an^^ > -k + bn.^ym > 1. 

Define Ti := {A; G N : k + a^,^ < -k + bn,,^,ym > 1} and := N\ri. Then either 
Fi or F2 has infinitely many elements. If Fi does, then there holds 

(f'-,n,mik) = (Pn.Jk + a^.J < (pn,J-k + bn,J = (l)+,n^J-k),yk G Fi,m G N. 

This implies that (f)^{k) < (j)^{—k),\/k G Fi, and hence, 0_(+oo) < 00). If 
F2 has infinitely many elements, then we have (/)_(+cx3) > 00) by a similar 
argument. Thus, 0_(+oo) and 00) must be ordered in Xj^. 

Finally, we prove that either 0_ or 0+ connects to /3. Indeed, we have shown 
in the second step that 0_(+oo) and 00) are ordered. It then follows from the 
bistability assumption (A5) that there are only three possibilities: 

(i) 13 = 0_(+oo) > 0+(-oo); 

(ii) 0_(+cx)) > 0+(-oo) = 0; 

(iii) 0_(+oo) = a = 00) for some a G £" \ {0, /?}. 

We further claim that the possibility (iii) cannot happen. Otherwise, Lemma 13.41 
implies that c+ > cl(a,/3) and c_ < —c\{Q,a). Since c_ > c+, it then follows that 

> c+ + (-c_) > cl(a, /3) + c;(0, a), 

which contradicts assumption (A6). Thus, either (i) or (ii) holds, and hence, we 
complete the proof. □ 

3.2 Discrete-time semiflows in a discrete habitat 

In this case, both time T and habitat l-L are discrete: T = Z+ and H = Z. Without 
confusion, we consider the semiflow {Q"}n>o in a metric space £ d C. Since the 
habitat is discrete, we cannot use the definition of traveling waves with a unknown 
speed as in Definition 13.11 This is because the wave profile il){x) may not be well- 
defined for all X G M. So we start with the modification of the definition of traveling 
waves in a discrete habitat. 
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Definition 3.2. ip{x + cn) with ip & B is said to he a traveling wave with speed 
c & M. of the discrete semiflow {Q"}n>o if there exists a countable set F C M such 
that Q[^p{- + x)]{i) = ip{i + x + c),'iieZ,xeR\T. 

By Definition l3.2l and Proposition l7.31 it follows that there exists a;o G K such that 
+ xo)]{i) = ^p{i + xo + cn),yi e Z,n > 0. Define (j){x) := ^(a; + a;o), Va; G R. 
Then, with a little abuse of notation, we have Q'"[4>]{i) = 0(i + cn),'^i G Z, n > 0. 
Such a definition of traveling waves is motivated by the idea employed in the proof 
of Theorem I3.2[ 

Let (3 ^ he a. fixed point of Q. Define Q : hj 

=Q[0(- + x)](O), Va:GM. 

Then we see from Lemma 2.1] that Q satisfies (Al)-(A3) and (A5) with Q = Q 
and C/3 = Bi3 if Q itself satisfies (Al)-(A3) and (A5). Further, if Q satisfies (A4), 
then the set Q[Bi3]{x) C Afg is precompact for any a; G M. 

For Q : Bjs ^ Bp, we have similar results as in Lemma [3^ and [3^ 

Lemma 3.5. Assume that Q satisfies (A1)-(A3) and (A5). Then there exists a 
positive rational number c such that for any c> c, we have 

Q[4^]{x) > ip{x — c) and Q[iIj]{x) < tplx + c) for any a; G ffi. 

Lemma 3.6. Assume that Q satisfies (A1)-(A5). Then for each n G N, Gn '■= 
Q o has a fixed point 0„ in Bp such that (pn is nondecreasing and ip ^ < (pn 4'n ■ 

Proof. By the same arguments as in the proof of Lemma [231 we can obtain a similar 
inequahty as fl3.2p : 

Define Wn,i '■= and := Gn[wn,k\, k>l. Then 

Wn,k+l{x) = Qo A^JWn,k]{x) = Q [u^n,fc (/««•)] (a^) = Q[w^n,fe(/tn(- + x))]{0). (3.5) 

Note that Q[C^] is compact and Wn,k is nondecreasing in k. It then follows that for 
any fixed a; G M, w„,fc(x) converges in Afg. Denote the limit by Then 0„(x) 

is nondecreasing in x G M and ip^ (pn "ipn- Taking A; — )■ oo in (13. 5p . we arrive at 

4^n{x) = Q[(pn{i^n{- + x))]{0) . Consequently, 

(Pn = Q[<Pn{l^n-)] = Qo A„ [0n] = Gn[(pn]- 

This completes the proof. □ 

To overcome the difficulty due to the lack of compactness for Q, we will use the 
properties of monotone functions established in the Appendix to show the conver- 
gence of a sequence in QlBp]. 
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Theorem 3.2. Assume that X = C{M,R'^) and Q satisfies (Al)-(A6). Then there 
exists c G M such that the semiflow {Q"'}n>i on Cp admits a nondecreasing traveling 
wave il){x + cn) with speed c and connecting to /3. Further, is either left or right 
continuous. 

Proof. As in the proof of Theorem I3.H we define 

ttn := sup{0„(x) e [0,560]^-}, bn := inf E [(3 - 5e,3,/3]x}. 

Then — 1 — (n + c) < a„ < 6„ < 1 + (n + c). Note that for any x G M, we have 

= = Q[M'^n-)]ix) = Q[4>nM + x))]iO) G QM(0). 

Since Q[C^](0) is precompact in A"^, it then follows that for any x G M, := 
liniy-fx (pn{y) and := lim^i^. both exist. And hence, by the definitions of 

dn and bn, we have 

0n(a^) <Seo< ^- Sep < 4>niK), 

but _ 

0„(a+) ^ [0, 560]]^- and ^ - 6ep, 

Define := 4>n{x + a„) and := (pni^ + bn). Then 

0-,n(O-) < 5eo < /3 - < 0+,n(O+), 

but 

0„,„(O+) ^ [0, (5eo]];t and 4>+A0~) ^ [[/? - Sep, 
Since 0„ = Gn[4>-n\, we have 

= G„[0„](x + a„) = g[0„(K„(- + fi„ + x))](0) G g[c^](o). 

Similarly, = Q[0n(Kn(- + &n + a;))](0) G Q[C/3](0). Let Q be the set of all 

rational numbers, and {xi}i>i C Q be an increasing sequence converging to x. Using 
(pn = Gn[4>-n\ again, we see that for any z G Z and I > 1, 

4>n{K.n{i + dn + Xl)) = (5[0„(k„(- + K„(i + An + Xl)))]{0) G Q[Cp]{0). 

Similarly, 4>n{i^n{i + bn + xi)) G Q[Cp]{0). Note that (5[C/3](0) is precompact in Xp 
and that Q is countable. It then follows that there exists a subindex (still denoted 
by {n}) and ^- < ^+ G M such that limn^oo dn/n = lim„^oo ^n/'T- = C,+ and 
that for any a; G Q, z G Z and / > 1, sequences 4>±,n{x) , (j)n{i^n{i + dn + x/)) and 
<Pn{K-n{i + bn + Xi)) couvergc in Xp. And hence, the following limits 

lim lim 0_,„(xi) = lim lim Q[0„(fi;„(- + a„ + x/))](0) 

l^oo n— >oo /— >-oo n— i-oo 

and 

lim lim (p+A^i) = 1™ 1™ Q[(pn{Kn{- + bn + Xl))]{0) 
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both exist. This means the hmits 



hm hm 4'±^n{y) and hm hm 4'±^n{y) 



hm„^oo0-,n(2;), xeQ 
hm„^oo0+,n(a;), xeQ 



exist for all x G M. Define 

0„(x) := 

and 

Clearly, 0± are nondecreasing functions in and for any x G R \ Q, 0±(x^) all 
exist. Hence, we see from Theorem 17.11 that there exists a countable subset Fi of 
R such that 0-|-.„(x) converges to 0±(x) for all x G M \ Fi. Define 

0_(x) := lim hm Vx G M. 

and 

0+(x) := lim lim 0+ „(?/), Vx G M. 

^^yix n— )-oo ' 



Thus, 0-(x) is left continuous and 0+(x) is right continuous. Note that (f)±{x) = 
0±(x) for aU X G R\Q. It then follows that 0±,„(x) converges to 0±(x) for x G R\F2, 
where F2 := Q U Fi is also countable. 

Let G M \ F2 be an increasing sequence converging to and G M \ F2 be an 
increasing sequence converging to 1, respectively. Note that 



and 



L(0) = lim 0_(?/fc) = hm lim (j)-.n{yk) < Scq, 



lim (i)^{zk) = lim lim ^ [0,5eo]]A'- 



Similarly, we have 0+(O) > f3 — Sep but 1) ^ — (5e/3, 13]x. Define c_ := — 
and c+ := — c^+. Obviously, c_ > c+ since ^_ < ^_|_. Now we want to prove 
+ x)](0) = 0_(a; + c_), Vx G R \ F2. Note that 

lim Knix + a„) — a„ = lim ( x + c ■ ^ '^^^ 1 = x — c_ 



It then follows that 

0_(x + c_) = lim 0__„(x + c_) = lim 0„(x + c„ + a„) = lim G'„[0„](x + c_ + a^) 
= lim Q[0„(k„-)](x + c_ + a„) = lim Q[0„(k„(- + a„))](x + c_) 
= lim + a„) - a„,)](x + c_) 

= lim + X + c_ + a„) - a„)](0). 
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In view of Proposition 17. 5[ we obtain that 0„(x + c_) = Q[(t>-{- + a;)](0) x G M \ 
A similar result also holds for 0+. 

Now, the same argument as in the proof of Theorem 13.11 completes the proof. □ 

3.3 Time-periodic semifiows 

Let u; G T be a positive number, where T = M"^ or Z+. Recall that a family of 
mappings {Qt\t&T is said to be an w-time periodic semiflow on a metric space £ C C 
provided that it has the following properties: 

(i) QoM =0, V0g£:. 

(ii) Qt o = Qt+M, Vt > 0, G ^. 

(iii) Qt[(p] is continuous jointly in (t, 0) on [0, oo) x £. 

The mapping Q^^ is called the Poincare map associated with this periodic semiflow. 

Definition 3.3. (i) In the case where H = M, U{t,x + ct) is said to be anuj-time 
periodic traveling wave with speed c of the semiflow {Qt}teT if Qt[U{0, ■)]{x) = 
U{t, X + at) and U{t, x) = U{t + u, x) for allt eT,x e M. 

(ii) In the case where "H = Z, U{t,x + ct) is said to be an u-time periodic traveling 
wave with speed c of the semiflow {Qt}t&T if there exists a countable subset 
r C M such that Qt[U{0, ■ + x)](0) = U{t,x + at) for all t e T,x e R and 
U{t, x) = U{t + x) for allt eT,x eR\T. 

Theorem 3.3. Let P{t) be a strongly positive u-time periodic orbit of {Qt}t<^T 
stricted on X. Assume that Q := satisfies hypotheses (A1)-(A6) with /3 = 
/3(0). Then {Qt}t&T admits a traveling wave U{t,x + at) with U{t,—oo) = and 
U{t, +oo) = P{t) uniformly for t G T. Furthermore, U{t,x) is nondecreasing in 
xeR. 

Proof. Case 1. H = 'R. Since the map Q^j satisfies (Al)-(A6), there exits c G M and 
a nondecreasing function (j) E C connecting to /3(0) such that Quj[4>]{x) = 0(x + cw). 
Clearly, TcujQuj[(p] = <P- Define U{t,x) := TctQt[4>]{x)- Then we have U(t,x + ct) = 
Qtmx) = Qt[U{0,-)]{x), and 

U{t + uj,x) = Tct+cuQt+u[<P]ix) = TctQtTa^Qu[<P]{x) = TctQt[(p]ix) = U{t, x). 

Note that <5t[/3(0)] = f3{t) and that is nondecreasing and connecting to /3(0). It 
then follows that U(t, — oo) = and U(t, +oo) = f3(t). 

Case 2. T-L = Since the map Qtj satisfies (Al)-(A6), there exits c G M, a 
countable subset P C M and a nondecreasing function G i3 connecting to /3(0) 
such that Qu^[<p\{x) = (f){x + cu),'ix G M\P. Clearly, T^(5^[0](x) = 0(x),Vx G M\P. 
Define U(t,x) := TctQt[4>]{x). Thus, we have 

U{t,x + ct) = Qtmx) = Qt[U{0, ■)]{x) = Qt[U{0, ■ + x)](0), Vx G M, 
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and 



U{t + uj,x) = Tct+cuQt+c,[(f)]{x) = TctQtTcuQu>[(p]ix) = T^Q^^Ka;) = U{t,x), 

for all X G M \ F. Note that Qt[/3(0)] = f3{t) and that is nondecreasing and 
connecting to /3(0). It then follows that U{t, — oo) = and U{t, +oo) = P{t). □ 

3.4 Continuous- time semiflows in a continuous habitat 

In this subsection, we consider continuous-time semiflows in the continuous habitat 
"H = M. Recall that a family of mappings {Qt}t>o is said to be a semiflow on a 
metric space S G C provided that Qt : £ £ satisfies the following properties: 

(1) go[0] = 0, V0 G £. 

(2) Qt o Q,[4>] = Qt+M Vt, s > 0, G £. 

(3) Qt[(t)] is continuous jointly in (t, 0) on [0, oo) x £. 

Before moving to the study of traveling waves of the semiflow {Qt}t>o, we first 
investigate the spatially homogeneous system, that is, the system restricted on X. 
Let /9 ^ be an equilibrium in X. For each t > 0, we use to denote the set 
of all fixed points of the map Qt restricted on Af^. Clearly, the equilibrium set of 
the semiflow is S := Ht^o^t, which is a subset of for any t > 0. The subsequent 
results indicates that the instability of intermediate equilibria of the semiflow implies 
the nonordering property of all intermediate fixed points of each time-t map. 

Proposition 3.1. For any given t > 0, if the map Qt satisfies the bistability as- 
sumption (A5') with E = J], then Qt satisfies (A5) with E = "Et- 

Proof. Let to > be given. We first show that any two points u G S \ {0, /?} 
and V G \ {0, (3} are unordered. Assume, for the sake of contradiction, that u 
and V are ordered. Without loss of generality, we also assume that u < v. Then 
the eventual strong monotonicity implies that u <^ v. Since u is strongly unstable 
from above, there exist a unit vector e G Int{X~^) and a number S > such that 
Qto[u + 6e] ^ u + 6e with u + 6e E [[u, v]]x- From [HH Theorem 1.2.1], we see that 
+ 6e] is eventually strongly increasing and converges to some a G S. Note 
that a G [[u, v]x is strongly unstable from below. Hence, by the same arguments as 
in the proof of Proposition 12. H we obtain a contradiction. 

Next we show the set \ S is unordered. For this purpose, we see from 
the first step that it suffices to prove that for any two ordered elements -u < f in 
St,) \ S, n S 7^ 0. Indeed, by the eventual strong monotonicity, we have 

u V. Then, we can choose a sequence on the segment connecting u and 

V such that m <^ ^ Mn+i ^ t", Vn > 1. By [SU Theorem 1.3.7], it follows 
that u{u) < uj{un) < ijj{un+i) < w(f),Vn > 1. Clearly, we have u^u) = {QtU : 
t G [0,to]} and uj{v) = {QtV : t G [0,^0]}, and hence u < uj{un) < v, Wn > 1. 
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Note that Un>iO~!{un) is contained in the compact set QjofA"^]. In the compact 
metric space consisting of all nonempty compact subsets of Qtof'^^s] with Hausdorff 
distance dn, the sequence {u{un) : n > 1} has a convergent subsequence. Without 
loss of generality, we assume that for some nonempty compact set w C Qf^jA'^j], 
lim„_j.oo c^i?(i^(Mn), = 0. Since each u^Un) is invariant for the semiflow {Qt}t>o, 
so is the compact set vj, that is, Qtzo = zu,Wt > 0. For any given x,y & u, there 
exist two sequences of points Xn, Vn G '^{un) such that x„ — )■ x and ?/„ — t- ?/ as 
n — 7- oo. Since u{un) < u{un+i), we have Xn < Vn+i and ?/„ < Xn+i, Wn > 1. Letting 
n — 7- oo, we then have x < y and y < x, and hence x = y. This implies that Ci7 is a 
singleton, that is, w = {a}- By the invariance of zu for the semiflow, we see that a 
is an equilibrium. Since u < uj{un) < v,Wn> 1, it follows that a G □ 

For a continuous-time semiflow {Qt}t>o, we need the following definition of trav- 
eling waves. 

Definition 3.4. ilj{x + ct) with ^ C is said to be a traveling wave with speed c G M 
of the continuous-time semiflow {Qt}t>o if Qt[i^]{x) = ip^x + ct), Vx G M, t > 0. we 
say that ip connects to (3 if ip{—oo) = and ip{-\-oo) = (3. 

Theorem 3.4. Assume that for each t > 0, the map Qt satisfies assumptions 
(A1),(A3)-(A5) with E = Sf, and the time-one map Qi satisfies (A6) with E = Tj. 
Then there exists c G M such that {Qt}t>o admits a non- decreasing traveling wave 
with speed c and connecting to P . 

Proof. Let eo,e^ and 5 be chosen as in \2.7\ 12.31 and 13.11 respectively. We proceeds 
with three steps. 

Firstly, we show that there exists Sk 10 such that each discrete semiflow {<5"j.}n>o 
admits two nondecreasing traveling waves ■?/'-|- + c-t^^^t) with c___sfc > (^+,sk 
ip±,sk has the following properties: 

< ^-,s, (0) < 6eo and /3 - Se^ < (0) < /5, 

but 

V^_,,, (0) [0, 6eo]U and (0) ^ - 6ep, 

Indeed, since for each s > the map Qs satisfies (A1)-(A5), from the first two steps 
of the proof for Theorem 13. H we see that for the discrete semiflow {{Qs)"'}n>o, there 
exists two nondecreasing traveling waves 0±,s(a;+c-|-^st) with the following properties: 

(1) 0_,s connects to some a-^s £ -E's\{0} and connects some G Es\{/3} 
to 

(2) a-^s and a+^s are ordered and C-^s > c^,s- 

By a similar argument as in [17, Theorem 1.3.7], it then follows that both a^-^s have 
a subsequence a±^sk which tends to an equilibrium of the semiflow as Sfc — )■ 0, say 
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the limit a_ and a+, respectively. Since and a+^s are ordered, it follows from 
Proposition 13. II that there are only three possibilities for the relation of a_ and a+: 

(i) /3 = a_ > «+; (ii) = 0; and (iii) a_ = a+ G -E \ {0, /3}. 

If a_ = /3, then for sufficiently large k we can define 

tts^ := sup{x G M : 0-,s;,(a;) G [0,5eo]A'}, := inf{x G M : (p-,sSx) G [/3-(5e/3, /^jA^}. 

And hence, ip_^s{x) := '?/'s(x + as) and iIj+,s{x) := V'sl^^ + ^s) cire the required traveling 
waves. If a+ = 0, then for sufficient large k we can define 

:= sup{x G M : 0+,Sfc(a;) G [0,560]^-}, := inf{2; G M : </>+,Sfc(2;) G [(3-Sei3, (3]x}. 

And hence, := 0+,sj^(x + asJ and := 0+,5^.(^ + ^sJ are the required 

traveling waves. If a_ = a;+ G -E \ {0,/3}, then by Lemma [3. II we have a_ = a+ G 
\ {[0, Seo]x U [/3 — 6ei3, (3]x}- Consequently, for sufficiently large k we can define 

:= sup{x G M : (p-,Sk{^) G [0,560]^-}, &Sfe := inf{x G M : 4>-,s,,{x) G [/^-^e^?, /^j^-}. 

And hence, ip^^ski^) •= '/'-.Sfcl^^ + ^tsft) and ^Z'+^Sftla^) := 4>-,Sk{^ + bsf.) are the required 
traveling waves. 

Secondly, we show that there exists a sub index, still denoted by Sk, such that 
4'±,sk ~^ 4'± ill and j^c±^Sk — )■ c± G M. Indeed, for each Sk > 0, there exists an 
integer nik > such that rukSk > 2. Then 

V'-.Sfe = T'mfeC, O Qmfe.fe J = <52 O QmkSk-2 O T^^c,^ [t/^-,, J G Ql O [Cp] . (3.6) 

Clearly, the compactness of Qi implies that the set Qi o Qip/j] is precompact in 
Cjj. Thus, there exists subsequence, still denoted by s^, and nonincreasing functions 
^ip-jip^ G Cj3 with < 'ip-iO) < 6eo and (3 — Sep < ip+iS^) < (3 such that i'-^sk ~^ i'- 
and — )• ip+ in C^. Also we claim that ip^^ski^^) all exist. Indeed, from 
(13. 6p we see that there exists (f)sk G such that Qi o Qi[(t>sk] — ^ "^A-- Note that 
{Qi[4>sk]}k>i also has a convergent subsequence with the limit (f) G C^. And hence, 
by the uniqueness of hmit we have = Note that ip-{k) = Qi[(j)]{k) = 

Qi[(p{- + k)]{0) and {Qi[(p{- + ^)]}fc>i has a convergent subsequence. It then follows 
that ip-{±oo) exist because ip- is nonincreasing. Similarly, ■?/'+(±oo) exist. Also, we 
have 

^_(-cx)) < ^_(0) < 5eo and V+(+oo) > ^+(0) > (3 - 5ep, (3.7) 

but 

7/'_(0)^[0,5eo]];, and V>+(0) ^ - 5e^, /?];,. 
Consequently, by the monotonicity of il)±, we have 

V'-(x) ^ [0,5eo]]A',Va; > and ^+(a;) ^ - ^e^j, Vx < 0. (3.8) 



22 



Since and ■?/'+ are the limits of the sequence of monotone functions with different 
translations, respectively, we can employ the same arguments as in the second step 
of the proof of Theorem 13.11 to show that ip-i^+oo) and ip+^—oo) are ordered. 

To prove that j^Cj-^Sk have convergent subsequences, we only need to prove that 
j^C-,sk is bounded above and j^c+^sk is bounded below because c^^sk ^ (^+,sk- As- 
sume, for the sake of contradiction, that some subsequence, still say ^c.^sfc, tends 
to +00. Note that for each s > there exists Us G such that the integer part of 
denoted by (i), equals Us and ^^^^ < s < ^. Hence, s(^) — )• 1 as s — t- 0. It then 
follows that 

lim {—)c_^sk = lim — C-,^^ x Sk{—) = lim — c.,^^^ = +00. 

fc— >oo fc— >oo S^, k^oo Sji 

Thus, using the first observation in (13.81) . we have 

Qi[Seo] > Qi[^-(-oo)] = gi[^_(-oo)](0) = lim Qi[^_(- + a;)](0) 

= lim Q-^[ip_]{x) = lim lim (Q,J^''fc'[^_,^J(a;) 

x— >■— 00 x— 00 fc— >-oo 

= lim lim + (— )csj > lim lim lim ^.^^^(y) 

X— >— 00 fc->oo X— >— 00 J/— >-+oo fc— >-oo 

= lim ^_(y) = ^_(+oo)0[O,5eo]]A', (3.9) 

which contradicts the fact that Qi[(5eo] <^ Scq. Similarly, if j^c+^s^ ~^ —00, then the 
second observation in (13. 8p implies that 

QiW-Sep] <gi[^+(+cx))]=gi[^+(+cx))](0)= lim Q,[^^{. + x)]{0) 

X— > + oo 

= lim Q^[ip^]{x) = lim lim (Q, J ^^^^ J (x) 

X— i>+oo X— >-+oo A;— s>oo 

= lim lim + (— )c+.sj < lim lim lim ip+^skiy) 

X— >-+oo fc^oo x^+00 J/— i>— 00 fc— i-OO 

= Mm ^+iy) = ^/j4-oo)^[[P-6ep,PU, (3.10) 
3/— >— 00 

which contradicts the fact that Qi[f3 — dejs] ^ (3 — dep. Consequently, -^c±^sk are 
bounded. 

Finally, we show that either ilj_{x + c_t) or iIj+{x + c^t) established in the second 
step is a traveling wave connecting to /3. Indeed, for any t > 0, there exists nik G Z 
and Tfc G [0, Sfc) such that t = rrikSk — Tk- Clearly, — )■ as A; — ?■ 00. Then we have 

Qt[iJ±] = lim Qt+r,bP±,s,] = lim (5m,sjV^±,sJ = lim V'±,sfc(- + "^fcC±,,J 

fc— >00 k-^00 K— ^00 

= lim ( ■ + (^ + ^^fe)— c±,sfe ] = ^±(- + c±t), 

fc^oo \ Sk J 

where the last equality follows from Proposition 17.2( 2) . From the equality <5t['^±] — 
'^±{' + ct),\/t > 0, we see that ip{±oo) are equilibria. Recall that ip_{—oc) < 6eo < 
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ip{+oo) and '?/'+(+oo) > (3 — Sep > ■?/'+(— oo). It then follows that ■?/'_(— oo) = 
0,ip+{+oo) = (3, and there are only three possibilities for ip_{+oo) and '?/'_|_(— oo): 

(i) /3 = V^_(+oo) >V^+(-cx)); 

(ii) tp-{+oo) > V'+(-oo) = 0; 

(iii) ip_{+oo) = a = ■?/'+(— oo) for some a G S \ {0, (3}. 

Since the time-one map Qi satisfies (A6) with ii^ = S, we can employ the same 
arguments as in the proof of Lemma [231 to exclude the possibility (iii). Thus, either 
(i) or (ii) holds, and hence, we complete the proof. □ 

3.5 Continuous- time semifiows in a discrete habitat 

In this case, time T = and habitat H = Z. Let /3 ^ be an equilibrium of the 
semifiow {Qt}t>o- We start with the definition of traveling waves for this case. 

Definition 3.5. + ct) with ip E Bp is said to be a traveling wave with speed 
c e M of the continuous-time semifiow {Qt}t>o if Qt[i'\{i) = ip{i + ct),Wi G Z, t > 0. 
Clearly, ip is continuous if c ^ . 

For each t > 0, define Qt : Bp Bp by Qs[(p]{x) = Qs[(j){- + x)]{0). Then it is 
easy to see the following result holds. 

Lemma 3.7. {Qt}t>o has the following properties: 

(t) go[0] = 0,v0Gi3. 

(tt) Qt o Qs[4>\ = Qt+s[4>], vt, s > 0, G B. 

(Hi) For fixed x G M, tn — t and 0„(i + x) — )■ (j){i + x) in X for any i G Z, then 
QtA<Pn]{x) Qt[4>\{x) m X. 

We combine the ideas in the proofs of Theorems 13 . 21 and 13 .41 to prove the following 
result for continuous-time semifiows in a discrete habitat Z. 

Theorem 3.5. Let X = C(M,M'^). Assume that for eacht > 0, the map Qt satisfies 
(Al), (A3)-(A5) with E = Et, and that the time-one map Qi satisfies (A6) with 
E = T,. Then there exists c G M such that {Qt}t>o admits a non- decreasing traveling 
wave with speed c and connecting to p. 

Proof. Let 6,eo,ep be chosen as in f l3.ip .( l2?71) and ( 12. 3p . We proceeds with three 
steps. 

Firstly, since for any s > the map Qs satisfies assumptions (Al)-(A5), it 
then follows from the proof of Theorems 13.21 and 13.41 that there exists Sk i such 
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that {(Qsfe)"}n>o admits two nondecreasing traveling waves 4'±,sk{^ + ^±,5^'^) with 
C-,Sfc > c+^sj., that is, there exists countable subset 6^ such that 

QsJ^±,sJ(a;) = '4'±,sk{^ + c±,sj, Va; G M \ 9^. 

Furthermore, V'-.Sfc is left continuous and '?/'+, is right continuous with the following 
properties: 

< ^-,.,(0) < 6eo and ^ - Sep < ^+,.,(0) < /3, 

but 

(0) ^ [0, Seo]U and ^+,,, (0) ^ [[/? - 5e^, 

Secondly, we show that for the above sequence Sk, there exist a countable set 
r C M and a subsequence, still denoted by Sk, such that j^c±,sk — ^ c-t G M and that 

i'±,sk{^) converges in X for all x G M \ F. Indeed, let 9 = U'^^^Qk- Hence, 9 is 
countable and 

Qsdi'±,s,]{x) = ^±,.fc(a; + c±,,J, VA; > l,x G M\9. 

From Proposition 17.4^ we see that there exists another countably dense set F C M 
such that F n 9 = 0. By the same arguments as in the proof of Theorem I3.2[ we 
can show that 

ip-{x) := lim lim ip-^suiv)-, ^ 

and 

ip+{x) := lim lim ^+,,,(?/), Vx G M, 
y£i ,y-lx fe— >oo 

are well-defined and all ?/^±(±oo) exist. Furthermore, ?/'_(+oo) and oo) are 
ordered in X and 

^-(-oo) < V^_(0) < 6eo and ^+(+oo) > ^+(0) > /3 - 6e,3, 

but 

V^_(0) ^ [0,5eo]];t and M^) ^ [[P - 5e^, PU- 

Further, ip±{x^) exist for all a; G M \ F. Hence, it follows from Theorem 17.11 that 
there exists a countable subset F of M such that 

V^±,s,(x) ^V^±(x), VxGM\f. (3.11) 

By similar arguments as in the second step of the proof of Theorem 13. 4[ we can 
show that — c± „, are bounded. 

Finally, we prove that either ip_{x + c^t) or ip+{x + c+t) is a nondecreasing 
traveling wave connecting to /3. Indeed, from (13. lip and Proposition 17. 3[ we see 
that there exists a countable subset Fi of M such that 

^±,sfe(^ + a:) ^±(i + x), Vi G Z,x G M\Fi. 
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Hence, for any x G M \ Fi and t > 0, we have 



= QS4- + x)m = lim gi+.J^_,.,(- + x)](0) 
= lim Q m,s -, s,{- + x)]iO) = lim Qm,sA^-,s,]ix) 

fe— >oo fe— ^oo 

= lim {Qs,T''H'~,s,]{x) = lim ^-,s^{x + nikC.^sJ 

fe— ^-OO K— >00 

- lim + {t + rfc)-c_,,J. (3.12) 

In the case where c_ = 0, we can choose xq such that 

QtliJ-ixo + Olio = i'-,sk{x + (t + r^)— c_,sj = ^_(xo + i), Vi G Z. 

In the case where c_ 7^ 0, we know that there exists a countable subset r2 of M such 
that 

Qt[iJ-]{x) = lim + (t + rfc)— c_,sj = ^-(x + c_t), Vx ^ Ti, a; + c_t G Ts- 

Without loss of generality, we assume that c_ > 0. For any ?/ G M, we can choose 
Xo G M and to > such that Xo+c.to = 1/ and Tp^^x) is continuous at x = XQ+i for all 
i G Z. Now one can find G M\ri and — )■ to with y±^k '■= x± + c_t±^k ^ '^\^2 
such that t y and J, ?/. Note that 

i)_{y-) := lim = lim + x_,fe)](0) = gtjV^_(- + Xo)](0) 

fe— >oo fc— >-oo 

and 

:= lim = lim Q^^ JV--!- + 2;+,fc)](0) = Qt,[^.{- + x^W). 

Thus, '?/'_(x) is continuous in x G M. And hence, again by Proposition 17.51 and the 
equality fl3.12p . we have Qt[^J\{x) = '?/'_(x + c_t) for all x G M and t > 0. Therefore, 
ip-{x + C-t) is a traveling wave connecting to some a_ G S\{0}. Similarly, we can 
construct the traveling wave ip+^x + c+t) connecting some G S \ {/?}. Besides, 
a;_ and a+ are ordered. Now the rest of the proof is essentially the same as in the 
proof of Theorem 13.41 □ 



4 Semiflows in a periodic habitat 

A typical example of evolution systems in a periodic habitat is 

ut = {d{x)u^)^ + f{u), t > 0, X G M, (4.1) 

where d{x) is a positive periodic function of x G M. Under the assumption that / 
has exactly three ordered zeros < a < 1 and /'(O) < 0, f'{a) > 0, /'(I) < 0, Xin 
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employed perturbation methods to obtain the existence of spatially periodic 
traveling wave V{x + ct,x) with V{—oo,-) = and V^(+oo, ■) = 1 provided that 
d{x) is sufficiently closed to a positive constant in certain sense (see also [^). For 
a general positive periodic function d{x), the existence of such a traveling wave 
remains open. We will revisit this problem in subsection 6.3. 

A map Q : £ ^ S C C is said to be spatially periodic with a positive period 
r & if Q oTr = Tr o Q , where is the r-translation operator. Similarly, a semifiow 
{Qt}tGT on £^ C C is said to be spatially periodic with a positive period r G "H if 
Qt o Tr = Tr o for all t > 0. 

Definition 4.1. (i) An r -periodic function f3{x) is said to be an r-periodic steady 
state of the map Q (semifiow {Qtjterj if Q[f^] = f^{Qt[f3] = /3,\/t G T). 

(a) V{x + ct, x) is said to be a spatially r-periodic traveling wave with speed a of the 
semifiow {Qt}t£T if Qt[V{-, ■)]{x) = V{x + ct,x) and V{-,x) is r-periodic in 
X. Besides, we say that V{C,,x) connects to f3{x) z/lim^_j._oo 11^(^5 2;) = 
and lim^_^+oo ll^(^) ~ f3{x)\\x = uniformly for x ETi. 

Motivated by [26^ Section 5] , we can regard a spatially periodic semifiow on £^ C C 
as a spatially homogeneous semifiow on another phase space. For any positive h El-L, 
define [0,/i]^ := {I e H : Q < I < h} . We use 3^ to denote C([0,r]^,A') and S to 
denote the set of all bounded functions from rZ to y. Clearly, 3^ can be regarded as 
a subspace of S. Let = C([0, r]-^, and be the set of all bounded functions 
from rZ to 3^+. We equip y with the norm \\u\\y = ma.x{\\u{x)\\x '■ x G [0,r]-^} and 
S with the compact open topology. Thus, 3^ is a Banach lattice with the norm \\-\\y 
and the cone 3^"'". 

Let 

/C := {/ G 5 : f{ri){r) = f{r{i + 1))(0), G Z}. 
It is easy to see that 

}Cny = {feS: f{ri) = /(rj)and/(r^)(0) = /(r2)(r), Vz, j G Z}. 

For any 4> & C, define G 5 by 

<p{ri){y) = (t){ri + y), \/i E y E [0, r]^. 

Then we have the following observation. 

Lemma 4.1. For any f E JC, there exists a unique (j)f E C such that (pf = f. 
Further, if f E JCny, then (pf is r-periodic. 

Proof. For any x G we can find i E'L and y E [0, r]-^ such that x = ri + y. It is 
easy to see that such decomposition of x is unique when x E 'H\r'L and is in two 
possible ways when x E rZ. More precisely, when x E rZ, it can be decomposed into 
either x = r(i+l)+0 or x = ri-\-r for some i E 1^. Note that /(r(i+l))(0) = f{ri){r). 
It then follows that = 0/(ri + y) := f{ri){y) is a well-defined function in C. 

Clearly, 4>f = f. If f{ri) = u,^i E Z, then 4>f{ri) = u,Wi E Z, which implies that 
0/ is r-periodic. □ 
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If we define F : C ^ IChj F{(j)) = 0, then F is a homeomorphism between C and 
/C. Let f3{x) be a strongly positive r-periodic steady state of the semiflow {Qt}t>o- 
With a little abuse of notation, we use Cp to denote the set {0 G C : < < /?}. 



Clearly, Pto F = F o Qt,Wt G T, which implies that semifiows {Qt}t&T and {Ptjt^r 
are topologically conjugate. Moreover, {Pt}t&r is spatially homogeneous and (3 is its 
equilibrium. Thus, we see that the semiflow {Qt}teT has a spatially r-periodic 
traveling wave if the semiflow {Pt}t&T has a traveling wave. Before stating 

the main result, we first introduce the bistability assumption. Let (3{x) ^ be an 
r-periodic steady state of the semiflow {Qt}teT- Assume that is a trivial steady 
state. Define 



As in Definition 12. we can define the strong stability of periodic steady states 
for a map Q in the space of periodic functions. 

Definition 4.2. A steady state a & U/^ is said to be strongly stable from below for 
the map Q : Up ^ if there exist a positive number 5+ and a strongly positive 
element G LI/? such that 



The strong instability from below is defined by reversing the inequality fl4.3p . Simi- 
larly, we can define strong stability (instability) from above. 

We need the following bistability assumption on the spatially r-periodic map Q. 

(A5") (it Bistability) and /3 ^ are two strongly stable r-periodic steady states 
from above and below, respectively, for Q : LI/? — )■ Up, and the set of all 
intermediate r-periodic steady states are totally unordered in 11^. 

We note that a sufficient condition for the non-ordering property of all interme- 
diate r-periodic steady states is: Q : Up ^ Up is eventually strongly monotone and 
all intermediate fixed points are strongly unstable from both above and below. 

Theorem 4.1. Let X = C{M,M.'^). Assume that for any t > 0, the map Qt satisfies 
(A2)-(A4) and the bistability assumption (A5"). Further, assume that the map Pi := 
FQiF~^ satisfies assumption (A6) with C and /3 replaced by JC and (3, respectively. 
Then the spatially r-periodic semiflow {Qt}t£T admits an r-periodic traveling wave 
V{x,x + at). Besides, V{x,^) is nondecreasing in ^ and connecting to f3{x). 




(4.2) 



Up:={(peC : (p{x) = 0(x + r), < 0(x) < f3{x), Wx G U}. 



Q[a - r]e+] > a - r]e+, Wr] G (0, 5+]. 



(4.3) 
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Proof. Let t > be fixed and Pt be defined as in fl4.2l) . Then it is easy to see that 
Pt satisfies (Al)-(A5) with replaced by /C^. From Theorems 13.21 and 13.51 we see 

that {Pt\t<^T admits a travehng waves U{x + ct) with U connecting to {3. By the 
definitions of travehng waves in a discrete habitat (see Definitions 13.21 and 13.51) . we 
can find G M such that g := U{- + Xq) G /C^ and Pt[g\{ri) = U{ri + ct + Xo),\/i G Z. 

By Lemma [4. H we can find ip,ht & C such that ip = g and ht = U{- + ct + Xq), and 
hence, Pt[4'] = ht. By the topological conjugacy of Qt and Pt, we have Qt[ip] = ht. 
Note that ip = g = U{- + xo) = ho. It then follows from Lemma [4.11 that ip = h^. 
If c = 0, then we obtain Qt[^] = ht = ho = ip, which implies that ip is a traveling 
wave with speed zero. If c 7^ 0, then we define V{^, x) := hi-^{x). Consequently, 

c 

V{x + ct,x) = htix) = Qtmx) = Qt[ho]ix) = Qt[Vi;-)]ix),yxen,t>0. 

This completes the proof. □ 

To finish this section, we remark that the bistability structure can be obtained 
for equation fl4.ip under appropriate conditions so that the existence result in [121 HI] 
is improved (see the details in subsection 6.3). Further, Theorem 14.11 with T-L = Z 
and A' = M can be used to rediscover the existence result in [H] for one dimensional 
lattice equation under the bistability assumption. 



5 Semiflows with weak compactness 

In assumption (A4) of section 2, we assume that Q : Cp Cp is compact with 
respect to the compact open topology. In this section, we establish the existence of 
bistable waves under some weaker compactness assumptions. 

Let r > be a fixed number. It is well known that the time-t solution map of 
time-delayed reaction-diffusion equations such as 

du d'^u 

is compact with respect to the compact open topology if and only if t > r, where 
the phase space C is chosen as C(M, C([— r, 0], M)). The first purpose of this section 
is to show that our results are still valid for this kind of evolution equations by 
introducing an alternative assumption (A4'). 

In order to state this assumption, we need some notations for time-delayed evo- 
lution systems. Let r G T be a positive number, J-" be a Banach lattice with the 
positive cone having non-empty interior, (3 G Int{J^~^), and = C([— r, 0], J-'/j). 
For any (p G we can regard it as an element in C([— r, 0] x Ti, J^^). For any subset 
B of [— r, 0] X "H, we define 0|b as the restriction of on 5. 

(A4') (Compactness) There exists s G (0, r] such that 

(i) Q[(p]{6, x) = (p{0 + s, x) whenever 6 + s <Q. 
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(ii) For any e G (0,s), the set Q[Cj3]\[_s+tfi]xn is precompact. 
(in) For any subset J d with ^7(0, ■) C (7(7/, 3^/?) being precompact, the 
set Q[j7'] |[-s,o]x-H is precompact. 

This assumption was motivated by [25, Assumption (A6')]. Let us use equation 
(15. ip to explain (A4'). For any t > t, one can directly verify that the solution map 
Qt satisfies (A4) by rewriting (15.11) as an integral form (see, e.g., |3Q]); and for any 
t G (0,r], one can show that Qt satisfies (A4') (i) and (ii) by the same arguments. 
For (A4') (iii), we provide a proof below. 

Let T(0) = J, and for any t G (0,r], let T{t) be the time-t map of the heat 
equation Ut = Au. Then (15.11) can be written as the following form: 



and hence, Qt[(p]{9,x) = u{t + 0,x). Note that for any G C/j, T{t)(f) — > with 
respect to the compact open topology as t — )■ 0. It then follows from the triangular 
inequality and the absolute continuity of integrals that for any compact subset "Hi C 
R, the set Qt[J']\[-t,o]xHi is equi-continuous, and hence, Q[j7'] |[_t,o]xiR is precompact 
in Cp. 

Lemma 5.1. Let A^,^ > 1, be defined as in section 3 and /3 G Int{J^^). As- 
sume that Q : Cjj ^ Cj3 satisfies (A4')- Then there exists an integer mo such 
that ^^eli,i+s]{Q o ^5)'^°P/3] C Cj3 is precompact when = M, and Ugg[i^2](Q ° 
A^)"^" [i3^](a;) C is precompact for any x G M when H = Z. 

Proof. We only prove the case where H = M since the proof for Ti = Z is essentially 
similar. Let s and r be defined in (A4'). For such s and r, there exists tuq G N 
such that s G ( ^ \ ^ t, ^t]. By assumption (A4')(i), we see that for any ^ > 1 and 



Since (5[C^]|[_s+e,o]x]R is precompact, as assumed in (A4'(ii)), it then follows that 
U^G[i,2]Qo^5[C/3](0, •) C C(M, 3^/3) is precompact. By (A4')(iii) and similar arguments 
as above, we have 




4>o e C/3, 




e + s<o 
e + s>o, 



This implies that for any ^ > 1 and e < s — ^^^i T, 

U^G[l,2]<5 ° ^Cp/3]|[-s+£,0]xR C Q[Ci3]\[-s+e,0]xR- 




e + s<o 
e + s>o 
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This implies that U^g[i_2](<5°^g)^[C/3]|[-2s+e,o]xM is precompact. Consequently, U^^[i^2]{Q^ 
C C(]R, 3^/3) is compact. By induction, we have 



X 



QoA[^Uie,x 



e 



s < 
s > 



< 6* + (mo + l)s < s 
< 6* + rriQS < s 



< ■ 



'mo- 



[Q[0lj(^,a;), 



< e + s < s 
^ + s > 0. 



This implies that Ugg[i^2](Q ° ^5)'^"P/3] is precompact in 



73- 



□ 



Theorem 5.1. All results in Theorems \ 3. 1]^37S\ and \4^ are valid if we replace (A4) 
with (A4'). 

Proof. Following the proof of theses theorems, we only need to modify the parts 
where we use the compactness assumption (A4). At these parts, by Lemma [5.11 we 
can easily complete the proof. □ 

Note that the solution maps of the integro-differential equation 

Ut = J * u — u + f{u) 

satisfy neither (A4) nor (A4'). The second purpose of this section is to modify our 
developed theory in such a way that it applies to these integro-differential systems. 

Let M. denote the set of all nondecreasing functions from M to and (5 G . 
We equip M. with the compact open topology. Assume that Q maps M.^ to M.^. 
Let E denote the set of fixed point of Q restricted on Xp. Suppose that and (3 are 
in E. We impose the following assumptions on Q: 



(Bl) {Translation Invariance) Ty 



QoTy 



e Mi3,ye 



(B2) (Continuity) Q : A^/? — )■ A^^ is continuous in the sense that if 0„ — )• 
then Q[(j)n]{x) — > Q[(f)]{x) in Xjs for almost all x G M. 



in Mi3, 



(B3) (Monotonicity) Q is order preserving in the sense that Q[4>] > Ql^p] whenever 
(f) > ip in M13. 

(B4) {Weak Compactness) For any fixed x G M, the set Q[Aif3]{x) is precompact in 
X13. 

(B5) (Bistability) Fixed points and /3 are strongly stable from above and below, 
respectively, for the map Q : A"^ — >■ A"^, and the set E \ {0, (3} C is totally 
unordered. 
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(B6) {Counter-propagation) For each a & E \ {0, f3}, c*_{a, (3) + c^(0, a) > 0. 

Comparing assumptions (A1)-(A6) and (B1)-(B6), one can find that the assump- 
tions of translation invariance, monotonicity, bistabihty and counter-propagation 
are the same. The difference hes in the assumptions of continuity and compactness. 
Clearly, compactness assumption (B4) is much weaker than (A4). 

Theorem 5.2. Let X = C{M,M.'^) and assume that Q : M.p ^ M.jj satisfies 
(B1)-(B6). Then there exists c G M and ip G A^^ connecting to f3 such that 
Q['ip]{x) = ip{x + c) for all x G M. 

Proof. Combining the proofs of Theorems 13.11 and 13. 2[ we can obtain the result. 
More precisely, one can repeat the proof of Theorem 13.11 except for the parts where 
the compactness assumption (A4) are used. For these parts, one use the idea in 
Theorem 13. 2[ where Q has the same compactness property as Q. □ 

In the rest of this section, we say {Qt}t>o is a semiflow on A^/j provided that 
Qo = T, Qt ° Qs = Qt+s,yt,s > 0; and Qtn[4>n]{x) -> Qt[(j)]{x) in Xf^ for almost all 
a; G M whenever tn ^ t and 0„, — )■ in A^/j. 

Theorem 5.3. Let X = C(M, M'^). Assume that {Qt}t>o is a semiflow on M.^, and 
for any t > 0, the map Qt satisfies (Bl) and (B3)-(B6). Then there exist c G M and 
Tp & M.j3 connecting to /3 such that Qt[ip]{x) = '4'{x + at) for all a; G M. 

Proof. As in the proof of Theorem 15. 2^ we can prove the conclusion by combing the 
proofs of Theorems 13.41 and 13.51 □ 

Similarly, we can define cj-time periodic semiflows on Al^ and then obtain the 
following result. 

Theorem 5.4. Let X = C{M, R"^) . Assume that {Qt}t>o is an u-time periodic semi- 
flow on Aip. Let (3{t) be a strongly positive periodic solution of {Qt}t>o restricted on 
Xjs. Further, assume that the Poincare map satisfies (Bl) and (B3)-(B6) with 
(3 = /3(0) . Then there exist c G M and (pit, x) with (pit, — oo) = and +oo) = Pit) 
such that Qt[ip]ix) = ipit,x + at) for all x G M. Besides, ■) G AI/3 and ■) is 
uj-periodic in t > 0. 

6 Applications 

In this section, we apply the obtained abstract results to four kinds of monotone 
evolution systems: a time-periodic reaction-diffusion system, a parabolic system in 
a cylinder, a parabolic equation with variable diffusion, and a nonlocal and time- 
delayed reaction-diffusion equation. 
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6.1 A time-periodic reaction-diffusion system 

Consider the time-periodic reaction-diffusion system 

(9?/ 

— = AAu + f{t,u), xGR, (6.1) 

where u = {ui, ■ ■ Un)'^, A = diag{di, ■ ■ dn} with each di > and / = (/i, ■ ■ ■, /„)^ 
is cu-periodic in t > (i.e., f{t, ■) = f(t + u, ■)). The existence of periodic bistable 
travehng waves of fl6.ll) with n = 1 was proved in [T\. Here we generahze this result 
to the case n > 1. 

Let / e C\R+ X M",R"). In order to apply Theorem [Sj to system ([61]), we 
choose C := C{R,W'),X := M", and ^ C C to be the set of all bounded functions 
from R to R". Using the solution maps {T{t)}t>o of the heat equation ^ = AAu, 
we write (16. ip as the following integral form: 

u{t;(f)) = T{t)(f)+ [ T{t- s)f{s,u{s;(f)))ds. (6.2) 
Jo 

Define Qt[<f>] '■= u{t; 0), V0 G £. Let and /3 ^ be two fixed points of the Poincare 
map in X, and let E be the set of all spatially homogeneous fixed points of 
in We impose the following assumptions: 

(CI) The Jacobian matrix Duf{t,u) is cooperative and irreducible for alH > and 
u>0. 

(C2) The spatially homogeneous system u' = f(t,u) is of bistable type, that is, 
and /3 are two stable fixed points of in the sense that s{-^Q^[0]) < 
and s{£Q4P]) < 0, and any a G -E \ {0, /3} is a unstable in the sense that 
s{-^Qi^[a]) > 0, where s{M) is the stability modulus of the matrix M defined 
by s{M) = max{ReA : A is an eigenvalue}. 

Theorem 6.1. Assume that (C1)-(C2) hold, and let /3(t) he the periodic solution 
of u' = f{t,u) with /3(0) = f3. Then there exists c G R such that (16.11) admits a 
time-periodic traveling wave U{t,x + at) connecting to (5{t). 

Proof. It is easy to see that the discrete semifiow {(5"}n>i on satisfies (A1)-(A5) 
with Q = Q^. Next we show that (A6) holds with Q = Q^. 

Note that for any a G E \ {0, /?}, {QZ}n>i '■ [a, /3]c — ^ [«, /3]c performs a monos- 
table dynamics, where a is unstable and (3 is stable. By the theory developed in 
[25] . it follows that admits leftward and rightward spreading speeds c*_{a, (3) and 
c^(q;,/3). Since is refiectively invariant, we further have cl(a,/3) = c!j_(a,/3) : = 
c*(a,/3), which is called the spreading speed of this monostable subsystem. Note 
that {<52}n>i : [0, a]c [0,«]c also performs a monostable dynamics, where is 
stable and a is unstable. Similarly, this monostable subsystem also admits a spread- 
ing speed c*(0,a). Let Mt be the solution map of the linearized system of (16. ip at 
the periodic solution a{t) := Qt[a]- 

— = AAM + D„/(t,a(t))M. (6.3) 
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By a similar argument as in the proof of [2Sl Lemma 4.1], we see that for each t > 0, 
there exists a strongly positive vector t] G such that 

Qt[u] > Mt[u] whenever u&[a,a + ri]c (6.4) 

and 

Qt[u] < Mt[u] whenever u E [a — ri,a]c. (6.5) 

Let p{n) be the principle Floquet multiplier of the following linear periodic cooper- 
ative and irreducible system 

- = [/iM + D„/(t,a(t))K (6.6) 

Let v{t,w) be the solution of f l6.6p satisfying v{0,w) = w E M". It is easy to see 
that u{t,x) = e~^^v{t,w) is the solution of linear periodic system (16. 3p . Define 
$(/i) := lnp(/i)//i. From [251 Theorem 3.10] and inequalities (I6.4p - (l6.5p . we then 
have 

c*(a,/3) > inf $(/i) and c*(0, a) > inf <l>(/i). (6.7) 

Now we prove that $(+00) = +00. Let A(/i) = Mnp(/x). By the Floquet theory, it 
then follows that there exists a positive w-periodic function ^{t) := (^i(t), ■ ■ ■, ^n(t))'^ 
such that v{t) := e'^^'^^^^{t) is a solution of (16.30 . In particular, we have 

m = (/i^ - A(/i))ei(t) + 5^^/i(t,a(t))e.(t). 

Dividing ^i(t) in both sides and integrating the above equality from to a; gives 



= (/i^ - A(/i))cj + 



J2g^hit'^it))Ut)/mdt, V/i>0. 



Since the matrix D„/(t,«(t)) is cooperative and C,(t) is positive, we obtain 

d 
dui 



d 

> (/i^ - A(/i))w + / —fi{t,a{t)dt. 



This implies that 



/i Jo dui 



and hence, $(+00) = +00. By [25^ Lemma 3.8], we then have inf^>o'^(/^) > 
0. Thus, the assumption (A6) with Q = holds. Consequently, Theorem 13.31 
completes the proof. □ 
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6.2 A reaction-difFusion-advection system in a cylinder 

In this subsection, we consider the following system 




BAyU + E{y)^ + f{u), xeR,yenc W^-\ t > 

on (0,+oo) xRxdQ, 



where A, B are positively definite diagonal n x n matrix, E is diagonal matrix of 
smooth functions of y, Q is a bounded and convex open subset in R™^^ with smooth 
boundary dfl, Ay = Xll^^^ d'^/dyf, and z/ is the outer unit normal vector to dQ x R. 

The existence of bistable traveling waves for (16.81) with n = 1 was obtained in 
[11]. Here we extend this result to the case n > 2. Assume that / G C^(R"',R'^) 
satisfies the following two conditions: 

(Dl) The Jacobian matrix D/(u) is cooperative and irreducible for all m > 0. 

(D2) / is of bistable type in the sense that it has exactly three ordered zeros: 
< a < /3 and s{Df{0)) < 0, s{Df{a)) > 0, s{Df{l3)) < 0. 

Theorem 6.2. Assume that (D1)-(D2) hold. Then there exists c G R such that 
system (16. 8p admits a traveling wave connecting to P with speed c. 

Proof. In order to employ Theorem 13. 4[ we choose X := C{Cl, M") and C := C(R, X) 
with the standard cones and C"*", respectively. Let G{t,x,y,w) be the Green 
function of the linear equation 



^ = A^ + BAyU + E{y)^, xeR,yen,t>0, 
g = 0, on (0, +oo) xRxdn. 



an . , (6-9) 

Then the solution of (16. 9 p with initial value m(0, ■) = (/){■) G C can be expressed as 

u{t,x,y;(p) = / / G{t, X — z,y,w)(t){z,w)dwdz. 
Jr Jn 

Define T{t)(f) = u(t, ■; 0), V0 G C^. Using the constant variation formula, we write 
(16. Sp subject to m(0, ■) = 0(-) G as an integral equation 

u{t,x,y;(f)) = T{tM{x,y)+ [ T{t - s)f{u{s,x,y))ds. (6.10) 

Jo 

By the linear operators theory, we see that for any G C/j, system (16. 8p has a 
unique solution u(t; 0) with m(0; 0) = (p, which exists globally on [0, +oo). Define 
Qt[4>] := u(t, 0). Then {Qt}t>o is a subhomogeneous semifiow on Cjs (see |25J, Section 
5.3]). Also, assumption (Dl) assures that the semifiow {Qt}t>o restricted on A"^ is 
strongly monotone (see |3l])- Further, it is easy to see that Qt,t > 0, satisfies 
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assumption (Al)-(A4). Since the domain Q is convex, it follows from the result in 
that any non-constant steady state of the x-independent system 



^ = BAyU + f{u), yE,t>0, 
1^ = 0, on (0, +00) X 

is linearly unstable. This then implies that Qt satisfies (A5'). Now it remains to 
show that (A6) holds for Qi. 

For each x- independent steady state a = a{y) in [[0, /^JJa-, system (16. 8p performs 
a monostable dynamics on [a,/3]c. To better understand the dynamics of this sub- 
system, we make a transform g{u, y) := f{u + a{y)). Then its dynamics is equivalent 
to that of the following system on [0, /3 — 



f = + BAyU + E{y)^ + g{u, y), xeR,yen,t>0, 
1^=0, on (0, +00) X M X 



System (16. lip has exactly two x-independent steady state Si := and S2 := (3 — a ^ 
0. By the theory developed in [26], it follows that (16. lip has a leftward spreading 
speed c*_ in a strong sense. Let c*_{a,(3) be defined as in (12. 6p with Q = Qi. We 
then have c*_{a,/3) > c*_. 

To verify (A6) for Qi, we first estimate the speed c*_. Consider the linearized 
system of (16. lip at equilibrium 5*1: 



^ = A^ + BAyU + E{y)^ + ^u, x G R, y G t > 0, 
1^ = 0, on (0, +00) X M X 



Suppose u(t,x,y) := e^^rj{t,y) is a solution of (I6.12p . then ri{t,y) satisfies the fi- 
parameterized linear parabolic equation 



BAyU+[fi'A + fiEiy) + ^]v, yen,t>0, 
0, on (0, +00) X dQ. 

Let A"'"(/i) be the principle eigenvalue of the elliptic problem: 

= BAyV + [fi'A + fiE{y) + ^]v, y G Q, 
= 0, onc^n. 



(6.13) 



(6.14) 



By the theory in [2^1 Section 3], it follows that c*_ > inf^>o ^-^5 and A+(yu) 

is convex. Then it is easy to see from (I6.14p that lim^^_(_oo ^^r^ ~ +^ 

lim^^o+ ^~^lf^ = +00, and hence, ^^7^ attains its infimum at some fii G (0, +00). 

Similarly, system (16. 8 p performs a monostable dynamics on [0, a]c. To bet- 
ter understand the dynamics of this subsystem, we make a transform h{u,y) := 
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—f{a{y) — u). Then its dynamics is equivalent to that of the following system on 
[0,/3-«]c: 



f = /10 + BAyU + E{y)^ + h{u, y), x G R, y G t > 0, 



dt dx^ y ^'^ ' dx 

du 
dv 



fi = 0, on (0, +00) X M X ai]. 



By the same arguments, such system have a rightward spreading speed c\, and we 
have c\ > c*\_{0,a). Also, by the same procedure as above,we define A~(/i) as the 
principle eigenvalue of the following elliptic problem: 

Xv = BAyV + [/i^A + ^^E{y) + ^]^;, yen, 

g = 0, onan. ^ ■ ^ 

It then follows that c\ > inf^>o ^ ; and attains its infimum at some fX2 G 

(0, +00). Clearly, A~(/i) = A+(-/i). 

From assumption (D2), we see that Si {S2) is a linearly unstable (stable) steady 
state of the x-independent system 

i^ = BAyU + g{u,y), yen,t>0, 

= 0, on(0,+oo) xdQ. ^ ' ' 



More precisely, letting Aq be the principle eigenvalue of the following elliptic problem: 



\u = BAyU + u^{Q,y), yen, 

- 0, on on, 



du 



then Ao > 0. Obviously, equations ( I6.14p and ( 16.15^ with = both become 
equation (16.171) . and hence, A"''(0) = Aq = A^(0) > 0. 

With the information above, now we can show that Qi satisfies (A6). Let 9 = 
j^^. Note that 9fii + (1 - 0){-fi2) = 0. It then follows that 



c_{a, (3) + c,{0,a) > \ 

= ^fl±if^[^A+(/ii) + (1 - e)A+(-/i2)] 

>^^^A+(^/il + (l-^^)(-/X2)) 

= ^^i±^A+(0) = ^^l±^Ao > 0. (6.18) 
Consequently, Theorem 13.41 completes the proof. □ 



37 



6.3 A parabolic equation with periodic diffusion 

In this subsection, we study the existence of spatially periodic traveling waves of 
the parabolic equation 

ut = {d{x)u^), + f{u), t>0,xeR, (6.19) 

where f{u) = u{l — u){u — a), a G (0, 1), and d{x) is a positive, C^-continuous, and 
r-periodic function on M for some real number r > 0. 

For any cj) G C(M, [0,1]), equation fl6.19p admits a unique solution u{t;(f)) with 
u(0; (p) = (p. Define Qt : C(M, [0, 1]) ^ [0, 1]) by Qt[^] = u{t; (p). It then fol- 
lows that {Qt}t>o is a continuous, compact and monotone semifiow on C(M, [0, 1]) 
equipped with the compact open topology. Let Cper{^, [0, 1]) be the set of all contin- 
uous and r-periodic functions from M to [0, 1]. Then the semifiow {Qt}t>o restricted 
on Cper(K, [0, 1]) is strongly monotone. Choosing "H = M and A" = M in Theorem 
14. H one can easily verify that {Qt}t>o satisfies assumptions (A2)-(A4). If fl6.19p 
admits the bistability structure, then Proposition 13.11 implies (A5") and a similar 
argument as in the previous section shows that (A6) also holds. Thus, we focus 
on finding sufficient conditions on d{x) under which fl6.19p admits the bistability 
structure. 

Let u be an r-periodic steady state of fl6.19p . As in [8J, we define Ai(-u, d) as the 
largest number such that there exists a function > which satisfies 

(c?0x)x + /'(m)0 = Ai(m, d)(j), X eR 
is r-periodic and ||0||oo = 1- 

We call \i{u, d) the principle eigenvalue of m, and the corresponding eigenfunction. 
We say u is linearly unstable if Ai(m, d) > 0, and linearly stable if \i{u, d) < 0. Define 

Cl^^ ■= G C^(M,M) : ^(x) = ^{x + r), Vx G M} 

with the C°-norm induced topology. We say ip ^ Cp^^ has the property (P) if 
every possible non-constant r-periodic steady state of f l6.19p with = t/' is linearly 
unstable, that is, if the equation (16.190 with d = ip does not admit any non-constant 
r-periodic steady state u such that Ai(u,^/') < 0. Define 

Y := {'ip E Cpgj, : ■ip{x) > Oand?/' has the property (P)}. 

Lemma 6.1. Any positive constant function is in Y. 

Proof. Let d{x) = dhe given. If (16.191) has no non-constant r-periodic steady state, 
we are done. Let u be a non-constant r-periodic steady state of (I6.19p . We need to 
prove \i{u,d) > 0. Assume, for the sake of contradiction, that Xi{u,d) < 0. Let (p 
be the positive eigenfunction associated with Xi{u,d). Define M := maxo<a;<r{^} 
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and ip{x^t) := e '^^i}-^ M'^cf)). It is easy to see that ip{t^x) < for all x and t. 

Let ^ := ■'^^ and r/ := M^0. Then we have 

and 

^xx = 2(f)~^[Uxx4> - Ux(t)xf + (t)'^[2UxUxxx(f^ " IMx^^^xx]- 

Note that 

= [dUxx + = C^^ixxx' + f'{u)ux. 

It then follows that 

e7* (^^ _ rf-^^^ + _ 

= + + Ai(M,J)r/ 

= -2d(l)~^[uxx(p - Ux<pxf - d(t)'^[2UxUxxx<p'^ - \ux\'^(p4>xx] - f'{u)\ux\'^(t)~^ + Xi{u,d)r] 
< d\ux\'^(p~'^(pxx + - 2/'(m)|m^.|V~"^ - 2d(j)~^UxUxxx + \i{u,d)r] 

= Ai {u, d)^ + Ai (u, d)r] - 2m^0^^ + ^^^xxx] 

= Xi{u,d)[^ + r]]. 

Hence, ipt — dipxx + [7 — /'('^)]^ < because Ai(u, J) < 0. 

Since u is not a constant and ^/'(t, x) is r-periodic in a; G M, we can choose Xq such 
that i){xo,t) =i){xQ + r,t) = miiixm i'{x,t) < 0, and hence, i'x\x=xo = i^x\x=xo+r = 
0. Thus, ip(t,x) with x G [xo,xo + r] satisfies the following equation 

il't - di^xx + [7 - f'{u)]ij <0,x e {xq, xo + r), 

'^x\x=xo '^x\x=xo+r 0, 

and ilj{t,x) attains its maximum at {x*,t) with x* G {xo,Xo + r). By the strong 
maximum principle, we see that ip{t,x) = 0, which implies that Ux/4' is a constant. 
Since Ux/4> is r-periodic, it then follows that Ux = 0, and hence, -u is a constant, a 
contradiction. □ 

Remark 6.1. By the proof above, it follows that the conclusion of Lemma \6.1\ is 
valid for any f & . 

Lemma 6.2. Y is open in C^^^. 

Proof. Clearly, Lemma 16.11 implies that F 7^ 0. Let d* E Y he given. We need to 
show that d* is an interior point of Y . Assume, for the sake of contradiction, that 
there is a sequence of points dn G C^^^ \ Y such that dn — >■ d* in C^g^ as n — )■ 00. 
Then (16.191) with d = dn admits a non-constant r-periodic steady state Un with the 
principle eigenvalue Ai(u„,(i„) < 0. Using the transformation Vn = dn{un)x, we see 
that (m„, Vn) is a periodic solution of the following ordinary differential system: 

{Un)x — '^n/dn, 
{Vn)x = -f{Un)- 
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By elementary phase plane arguments, it then follows that 



< inf u„{x) <a< supM„(x) < 1, Vn > 1, x G M. (6.23) 



Thus, the sequence of functions {{un)x, {vn)x) is uniformly bounded and equicontin- 
uous, and hence, («„, f „) has a uniformly convergent subsequence, still denoted by 
{un,Vn)- Let {u*,v*) be the limiting function of (M„,f„). Then u* is an r-periodic 
steady state of (16.191) with d = d*. It is easy to see from (16.231) that u* is not the 
constant function or 1. 

Let 0„ be the positive eigenfunction associated with Ai(M„,(i„). Then 

+ /'(m„(x))0„ = Ai(m„,, dn)(j)n- (6.24) 

Dividing both sides of (16.241) by 0„ and integrating from to r, we obtain 

dnUn)x]\ ^ ^ r = x^{u,,, dn)r < 0. (6.25) 

0n Jo 

Since f & and /'(a) > 0, we see that u* cannot be the constant a. Otherwise, 
the uniform convergence of m„ to a implies that f'{un{x)) > for all x G [0,r] and 
sufficiently large n, which contradicts (16. 25 p . Thus, u* is a non-constant r-periodic 
function. Since d* G Y, we have Xi{u*,d*) > 0. 

Note that m„ — )■ u* in C(M, M) and dn — > d* in C^g^. By the variational charac- 
terization of the principal eigenvalue Xi{un,dn) (see, e.g., Eq. (5.2) of [8]), it then 
follows that > Xi{un,dn) — > Xi{u*,d*) > 0, a contradiction. □ 

The following counter-example shows that the parabolic equation (I6.19p admits 
no bistability structure in the general case of periodic function d{x). 

Lemma 6.3. Let either f {u) = u{l — u^) , or f{u) = u{l — u){u — 1/2) . Then there 
exists a positive function d G C^g^ such that (16.190 admits a pair of linearly stable, 
non- constant, and r-periodic steady states. 

Proof. We only consider the case where f{u) = u{l —u^) since the other one can be 
obtained under appropriate scalings. Our proof is based on the main result in [211 
Theorem 3]. Without loss of generality, we assume that r = 4. In what follows, we 
use some notations of [21] . 

Let / G (0, 1) be fixed and c° be the step function on [—1, 1] defined by 

^ ' \0, X G (-/,/]. ^ ' 

Define D := {{x,y) : x = ±l,y G [0, 1]}U graph of c°. By [211 Theorem 3], it then 
follows that for any positive even function c G C^([— 1, 1],M"'") which is sufficiently 
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closed to c° (in the sense that the distance between D and the graph of c is small 
enough), the following Neumann boundary problem 

ut= {cu^)x + u{l-u^), X e {-1,1) 

M,(t,±l) = 

admits an odd increasing steady state which is linearly stable. That is, there 
exist Ai < and > such that 

(c0x)x + /'(mc)0 = Ai0, X e (-1, 1) 
x(±l) = 0. 

In particular, we can choose c such that c^(— 1) = Cx{l) = 0. Since c is even and / is 
odd, we see that Vc{x) := Uc{—x) is also a steady state, and Ai is the corresponding 
eigenvalue with the positive eigenfunction 0(— a;). 

Now we can construct a linearly stable 4-periodic steady state of fl6.19p . Define 
two 4-periodic functions: 

~ jc{x), a;G[-l,l] juc{x), x G [-1, 1] 

= < , , , , and wi{x) = < ^ ^ , ^ 

[c{2-x), xe{l,3) [uc{2-x), xe(l,3). 

Then wi{x) is a 4-periodic steady state of (16.191) with d = d. Let the positive 
4-periodic function p{x) be defined by 



p{x) 



0(x), xe[-l,l] 

0(2 -a;), xG(1,3). 



It follows that Ai and p solve the following eigenvalue problem 

{dpx)x + f'{wi)p = Aip, X eR 
p is r-periodic. 

This implies that wi is a linearly stable periodic steady state of (16.191) with d = d. 
Similarly, so is W2{x) := Wi{x + 2). □ 

As a consequence of Theorem 14.11 together with Lemmas 16.11 and 16. 2[ we have 
the following result on the existence of bistable traveling waves for (I6.19p . 

Theorem 6.3. Let d be a given positive constant. Then there exists 6o > such 
that for any d G Cp^^ with \\d — d\\co < Sq, (I6.19P admits a spatially periodic traveling 
wave solution u{t, x) := V{x + at, x) with some speed c G M and connecting to 1. 
Besides, V{C,,x) is nondecreasing in ^. 

We remark that Theorem 16.31 is a C°-perturbation result in C^g^, and hence, it 
improves the existence result in |331 Theorem 3.1], where the if*-perturbation is 
used for some s > 2. 
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6.4 A nonlocal and time-delayed reaction-diffusion equation 

Let r > be a fixed real number. Choose X := C([-r, 0], M), 3^ := C(M, M) and 
C := C([— r, 0], 3^). We equip X with the maximum norm, 3^ and C with the similar 
norms as in (12. ip . Define 3^+ := C7(]R, IR+). Let d be the metric in C{y) induced by 
the norm. We are interested in bistable traveling waves of the following nonlocal 
and time-delayed reaction-diffusion equation: 

^ = ^ + /(n,)(-), t>0,xGR 
^% = 0eC, [-r,0], 

where / : C — )■ 3^ is Lipschitz continuous and for each t > 0, G C is defined by 

Ut{d,x) := u{t + d,x), \/0 e [-T,0],x e M. 

If the functional / takes the form f{(f)){x) = F(0(O, x), 0(— r, a;)), then (16.291) be- 
comes a local and time-delayed react ion- diffusion equation: 

du(t,x) d'^uit.x) ^, , , , „„x 
— ^ = Q^2 + ^(«(^' "(^ - ^' ^))- (6-30) 

The bistable traveling waves of (I6.30p were studied in [31]. If /(0)(x) = — (i0(O, x) -|- 
J^b{(j){—T,y))k{x — y)dy, then (I6.29P becomes a nonlocal and time-delayed reaction- 
diffusion equation: 

= - duit, x) + l^ b{u{t - r, i/))A:(a; - y)dy. (6.31) 

The existence, uniqueness and stability of bistable waves of ( 16.3ip were established 
in [29]. 

Note that M can be regarded as a subspace of X, and the latter can also be 
regarded as a subspace of C. Define / : A' — )• M by f{ip) = f{ip) and / : M — )■ R by 
/(O = /(O- order to obtain the existence of bistable waves for system (I6.29p . 
we impose the following assumptions on the functional /: 

(El) < a < P are three equilibria and there are no other equilibria between and 

(E2) The functional / : C/3 — )■ 3^ is quasi-monotone in the sense that 

lim yd{[(j){0) - V^(0)] + h[f{(j)) - f{tp)]; 3^+) = whenever > ^ in Cp. 

h—>-0+ h 

(E3) Equilibria and (3 are stable, and a is unstable in the sense that /'(O) < 
0, f{a) > and /'(/3) < 0. 
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(E4) For each G Afg, the derivative ^^(v^) := D/(v^) of / can be represented as 



where ri{ip) is a positive Borel measure on [— r, 0] and ri{ip){[—r, — r + e]) > 
for all small e > 0. 

(E5) For any small number e > 0, there exits a number 6 G (0, /3) and a linear 
operator : Cjs ^ y such that L^cj) — )■ D/(a)0, V0 G C/?, as e — )■ and that 

/(« + 0)>L,(0), and < V0 G C,. 

Using the solution maps {T{t)}t>o generated by the heat equation = 
we write system fl6.29p as the integral form 

■ u{t, ■) = T(t)0(O, ■) + /J T{t - r)/K(-, ■))dr, t > 
«(^,-) = 0(^,-), ^^G [-r,0]. ^ ■ ^ 

Note that traveling waves of system fl6.32p are those of system (16.291) . It then remains 
to show (16.321) admits a bistable traveling wave. 

Theorem 6.4. Under assumption (E1)-(E5), system ( 16.290 admits a nondecreasing 
traveling wave (f){x + ct) with 0(— oo) = and 0(+cxd) = (3. 

Proof. From assumptions (E1)-(E2), we see that system (16.321) generates a monotone 
semiflow {Qt}t>f) on Cp with 

Qt[<i)\{e,x) = ut{d,x-<P), V(e,x) G [-r,0] xM, 

where u{t, x; (p) is the unique solution of system (16.320 satisfying mo(-, ■; 0) = G C/j. 
By similar arguments as in section 5, it follows that Qt satisfies (A4) if t > r and 
(A4') if t G (0,r]. 

Let Qt be the restriction of Qt on ^Yg. Denote the derivative DQi[0] of Qt by 
Mo i, then Mq ^ is the solution map of the following functional equation: 

dti — 

— = LiQ)ut = a(0)u(t) + LiiOW (6.33) 
at 

By assumptions (E2) and (E4), it follows that system (16.331) admits a principle 
eigenvalue Sq with an associated eigenfunctions Vq := e'^°^ (see [341 Theorem 5.5.1]). 
More precisely, Mo.tbo] = e^°*fo. Furthermore, |3H Corollary 5.5.2] implies that 
So < since /'(O) < 0. Therefore, there exists 6o(t) > such that 

Qt[Svo] = Qt[0] + BQt[0][6vo] + o{6^) 
= 5Mo,tM + o(5') 
= Se^^'vo + 0(6^) 

= 6vo + 5[e^°* - l]vo + o{6^) < 6vo, V5 G (0, 6o{t)]. 
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Similarly, there exists Sa(t),Va and Si3(t),Vi3 such that 
and 

Qt[a + 6va\ > a + 5va, Qt[o! — Sva] <^ a — 6Va, V(5 G (0, 6ait)]. 

Till now, it remains to show (A6) is also true. Indeed, we see from |25| Theorem 
2.17] that the solution semiflows {Qt}t>o restricted on [0,a]c and [a, /3]c admit a 
spreading speed c*(0,a) and c*(a,/3), respectively. Let M* be the solution maps of 
the linear system 

u{t, ■) = T{t)(P{0, ■) + T{t - r)L,{ur{; ■))dr, t > 
m(^,-) = 0(^,-), ee[-r,o]. 

Then assumption (E5) guarantees that Qt[(p] > [0] when G Cs, where 6 = 5(e) 
is defined in (E5). Therefore, we see from |25l Theorem 3.10] that c*(0,a) > c 
and c*{a, /3) > c, where c is positive number determined by the linearized system of 
(16.291) at u = a, and hence, (A6) holds. Consequently, Theorem 15.11 completes the 
proof. □ 

Remark 6.2. At this moment we are unable to present a general result on the 
uniqueness and global attractivity of bistable waves under the current abstract setting. 
However, one may use the convergence theorem for monotone semiflows (see fj^ 
Theorem 2.2.4]) ^''^d the similar arguments as in the proof of 14'^, Theorem 10.2.1] 
and Theorem 3.1] to obtain the global attractivity (and hence, uniqueness) of 
bistable waves for four examples in this section. 



7 Appendix 

In this appendix, we present certain properties of Banach lattices and countable 
subsets in R, and some convergence results for sequences of monotone functions, 
including an abstract variant of Helly's theorem. 

Proposition 7.1. A Banach lattice X has the following properties: 

(1) For any u,v & X with v G X^ , if —v < u < v, then \\u\\x < II'^IIa'- 

(2) If Uk u and Vk v in X with ui^>Vk, then u >v. 

Proposition 7.2. The space C has the following properties: 

(1) Let (f) be a monotone function in C. If E H nondecreasingly tends to x E 
T-L U {+C)o} and hmfc_^oo 0(a^fc) = u E X, then limy-|-a. 0(?/) = u. The similar 
result holds if Xk nonincreasingly tends to x E HU {— oo}. 
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(2) Assume that /i, /i^ : "H — )■ "H are continuous and ipk ^ ip in C. If hk{x) — i- h{x) 
uniformly for x in any bounded subset ofH, then (p^ ° hj^ ^ (p o h in C. 



Propositions 17.11 and 17.21 can be easily proved. Here we omit the proofs. 

Proposition 7.3. Assume that D is a countable subset of M. Then for any c G M, 
there exists another countable subset A ofM. such that {M\A)+cm C ]R\D, Vm G Z+. 

Proof. It suffices to show the set A := {x G M : there exists m such that x + cm G -D} 
is countable. Indeed, we have A = U^^i{D — cm). This implies A is countable. □ 

Proposition 7.4. For any countable subset Ti o/M, there exists another countable 
r2 such that it is dense in M and Fi fl r2 = 0. 

Proof. Since Fi is countable and UagM(a + Q) = M, there must exist a sequence 
an such that Fi C U^^i(a„ + Q). Note that U^^i(a„ + Q) is countable. Then 
we see that there exists a G M such that a ^ Uj^]^(a;„ + Q). This means that 
a-an ^ Q,Vra > 1, and hence, (a + Q)n(a„ + Q) = 0,Vn > 1. Define Fs := a + Q. 
We then see that F2 is countable and dense in M, and Fi fl F2 = 0. □ 

Proposition 7.5. Assume that /, /„ : M — )■ A" are nondecreasing and the set D is 

dense in R. If Sn 0, f{s) is continuous on D and fn{s) — )■ f{s) for every s & D, 
then fn{s + Sn) f{s) for every s & D. 

Proof. Let s G -D be fixed. For any 6 > 0, since D — s is dense in M, we can choose 
S+e{D-s)n (0, 6) and (5_ G - s) n (-5, 0). Clearly, s + 6+ e D, s + 6^ e D. 
Thus, there exists an integer Ng such that s + Sn G (s + s + 5+), Wn > Ng. Since 

fn{s + - fn{s + (5+) < fn{s + Sn) - fn{s) < fn{s + 5+) " fn{s + Vn > Ng, 

we have 

Wfnis + Sn) - fn{s)h < + 6+) - + Wu > Ng. 

It then follows that 

\\fn{s + Sn)-f{s)\U < \\fn{s + Sn)-fn{s)\\x+\\fn{s)-f{s)\\;, 

< Wfnis + 5+) - fn{s + + Wfnis) - 

< \\f{s + 6^) - fn{s + 5+)|U + \\f{s + 5+) - f{s + 5_)|U 
+ ||/„,(. + - f{s + + Wfnis) - f{s)h 

for all n > Ns. Now the pointwise convergence of /„ in D and the continuity of / 
on D complete the proof. □ 

To end this section, we prove a convergence theorem for sequences of monotone 
functions from M to the special Banach lattice C{M, W^) defined in section 2, which 
is a variant of Helly's theorem pJ7^ P. 165] for sequences of monotone functions from 
M to M. 
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Theorem 7.1. Let D be a dense subset o/M and /n,"^ > 1 be a sequence of nonde- 
creasing functions from M to the Banach lattice X := C{M,M.'^). Assume that 

(i) for any s E D, fn{s) is convergent in X . 

(a) there exists a countable set Di G M. such that for any s E M \ Di, the limits 
lim lim /n(s±,m) exist in X , where S-^m t ^ o,'>T'd i s with s±^m G D. 

m—>oo 71— >oo ' 111 

Then is convergent in X almost for all s G M. 

Proof. Due to assumption (ii), we can define / : R — )■ A" by 

flim lim fJx), seR\Di 
{any value, s E Di. 

We first show that the discontinuous points of / are at most countable. Define the 

sets 

A:= {s eR\Di : /(s"), both exits} 

and 

B:= {sEA:fis-)<fis^)}. 

For any s E B, there exists Xi E M and 1 < i < d such that {f{s~){xi))- < 
.. Recall that M is compact, so there is a countable dense subset Mi. 
It then follows that there must be X2 E Mi such that (/(s~)(a;2))j < (/(s"'")(x2))j. 
Therefore, 

B = U,.,M. {SEA: {fis-)ix))^ < (/(s+)(a;)) J. 

Since for each fixed i and x, {f{s){x))- is a nondecreasing function from ]R\Di to M, 
we know that {s E A : {f{s~){x))- < {f{s^){x))-} is at most countable, and hence 
so is the set B. 

Now we can prove the conclusion. Assume that s G M is a continuous point of 
/. For any 6 > 0, choose 5_ E D D {s — 6, s) and 6+ E D n {s, s + 6). Then we have 

/„(5„) - < fn{s) - fn{5^) < - /„,(5_), Vn > 1, 

which, together with Proposition 17.1( 2). implies that 

\\fn{s) - fn{5-)\\x < - /n(5-)|U, Vn > 1. (7.2) 

In the other hand, by (17.21) and the triangular inequality we have 

||/„(^) - f{s)y < ||/„(.) - /„(5_)|U + ||/„(5-) - fis)y 

< ||/„(5+)-/„(5_)||;,+ ||/„(5_)-/(s)|U 

<ll/n(M-/(MIU+ll/('5+)-/('5-)IU 
+ 11/(5-) -/n('5-)IU+ll/n(5-)-/(5-)|U 

+ ||/(5_)-/(s)|U,Vn>l. 

Now the pointwise convergence of /„ in D and the continuity of / at s complete the 
proof. □ 
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